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ABSTRACT 


The thesis presents a comparative study of various 
digital modulation techniques. The criterion for comparison 
has been the signal to noise ratio (SNR) needed per bit to 
achieve different bit error rates (BERs). Probability of error 
expressions have been obtained for various digital modulation 
techniques assuming the channel to be ideal. The relative 
performances have been shown in tabular form. Typical 
systems that have been studied are; Binary On-Off Keying, 

Binary Phase Shift Keying, Multiphase PSK, Minimum Shift 
Keying, Offset Keyed 4 Phase PSK ( OK-QPSK) , and Continuous 
Phase Frequency Shift Keying with a modulation index of 0.71 5 • 

The communication efficiencies as measured by data rate 
per unit bandwidth for multilevel ASK, multiphase PSK and 
multitone PSK systems have been obtained again assuming the 
channel to be ideal. The relative performances of these 
systems have been shown graphically. 

The above studies have also been carried out when the 
channel is a Rayleigh fading channel. To overcome the effect 
of fading, linear diversity combining techniques are utilised. 

We have obtained the probability of error expressions for various 

! 

digital modulation systems under maximal ratio combining techniquj 

f; 

only. Tables have been prepared to portray the relative j 

performance of these systems under dual and quadrature diversiti4 



CHAPTER 1 


INTRODUCTION 

Digital communication systems have an inherent 
advantage over analog systems. This is mainly due to 
their reliability and ease with which they can be imple- 
mented, especially with present day digital technology. 

In a communication system, the flow of signal from trans- 
mitter to receiver is restricted by noise and various 
other impairments introduced by the channel. To overcome 
the effect of these impairments, various kinds of digital 
modems (modulator /demodulator) are used. Modulator part 
of the modem converts the digital signal into an appropriate 
analog' one and this signal is then transmitted after suitable 
frequency translation and power amplifications. The 
demodulator, in turn, makes a decision about the digital 
information transmitted based on the received waveform. 

The desire to get better and better performance led to the 
advent of various modulation/demodulation techniques. Our 
objective in this thesis is to discuss the performance of 
some of these techniques under additive white G-aussian noise 
and subsequently under Rayleigh fading. The systems 
chosen for our studies are, 
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1. Binary On-Off Keying (00K): Coherent as well as 
envelope detection schemes. 

2 . Binary Frequency Shift Keying (FSK) : Coherent and 
noncoherent detection schemes. 

3. Binary Phase Shift Keying (BPSK); Coherent as well 
as differential detection schemes. 

4. Multiphase P‘SK (M-ary PSK): Coherent as well as 
differential detection schemes. 

5 . Minimum Shift Keying (MSK) , h=0.5: Coherent detection 
scheme. 

6. Offset Keyed oPSK 

7. Continuous phase FSK (CPFSK) , h=0.7l5: Coherent as 
well as non-coherent detection schemes where h is 
modulation index. 

First digital modulation/demodulation scheme to come 
on the scene was 00K. The probability of error performance 
of this scheme either with coherent or with envelope 
detection was found to be poor. In this scheme the amplitude 
of received waveform (signal plus noise) itself is compared , 
with a threshold. The threshold depends on the random j 

nature of noise and for better performance, the system requires ! 
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a large signal power. PSK coherent and non-coherent 

schemes overcome this problem to a great extent. Bat 

this system has a drawback in which it occupies a great 

deal of bandwidth. * The next system to be proposed was 

Ht.SK with coherent detection which gave best possible 

probability of error performance under the then existing 

digital modulation techniques. However, this technique 

needed an exact carrier phase reference at the receiver 

for the coherent detection of the received waveform. 

Extraction of exact phase reference was always elusive 

from hardware considerations and hence this difficulty led 

to the advent of DPSK where the relative phase of two 

successive pulses are utilised for detection purposes 

instead of absolute phase of a particular pulse. The need 

to achieve greater information rat® led to the advent of 

multiphase PSh f_25*] coherent detection scheme. Although 

this system provides a very good data rate per unit 

bandwidth (R/B) performance , it is a very complex system 

go implement due to phase coherency required at the receiver. 

However, this problem was overcome by differential 

detection of received waveform but the probability of error 

performance deteriorated in this case (multiphase PSK with 

time 

differential detection) * At this£,OK--QPiSK was 
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proposed which gives reasonably good R/B 
performance in addition to cancelling the effect of 
I SI to a great extent ^7,14, 163 • In an analog system of 
communication, amplitude (modulated signals occupy least 
amount of bandwidth followed by PM and PM systems (in that 
order). So is not the case in digital modulation systems 
where FSK system with slight modification can occupy lesser 
bandwidth than ASK or PSK systems. 

This fact was demonstrated with the advent of 
CPFSK systems. It is seen that if abrupt phase transitions 
at bit intervals could be avoided, then the spectral 
characteristics of a system could be improved considerably. 

This fact was utilised in the study of CPFSK systems. MSK 
is a particular case of CPFSK where the modulation index 
(h) is assumed to be 0.5. In addition to giving a very good 
R/B performance, it also gives a good probability of error 
performance C 7,1 3,1 6,26j| • It was observed that if h is 
chosen to be 0.715, then the CPFSK performance under coherent 
detection was optimum £24^ . This scheme with 3 or 5 bits 
of observation interval can outperform BPSK coherent 
scheme [6,1 2|. The problem of exact carrier phase reference 
at the receiver led to non-coherent detection of CPFSK(h=0.71 5) 
waveform. This system is relatively simple to implement. 
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Cl'FSK (h=0.715) systems gives best possible probability 
of error performance among the existing techniques in 
addition to exihibiting a very good spectral characteri- 
stics j 26] . 

In Chapter 2, we have compared the performances of 
various digital modulation techniques mentioned earlier. 

The performance criterion has been SNR per bit required 
to achieve various bit error rates (BERs). The probability 
of error expressions have been obtained for these techniques 
assuming the channel to be ideal (difined as linear, 
infinite bandwidth channel, corrupted by additive white 
Gaussian noise only). A table has been prepared to 
portray the relative performance of these digital systems. 
Basic receiver structures of various systems have been 
given in Appendix B1 to B3« 

In Chapter 3 , we discuss the relative communication 
efficiencies measured as data rate per unit bandwidth for 
multiphase PSK, multilevel AS-R and multitone BSR systems. 
Relative performance of the systems has been tabulated 
numerically and graphical representations given. 

We consider the effect of Ray lei gh fading on the 
performance of various digital modulation techniques in 
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Chapter 4. A table has been prepared to Indicate the 
relative performance of these systems under Rayleigh 
fading. 

To combat the severe degradations caused by Rayleigh 
fading in the performances of these systems, linear diversity 
combining techniques have been studied (in Chapter 5)* 
Specifically, only maximal ratio combining has been discussed. 
The relative performahce of these systems has again been 
shown in tabular forms under dual and quadrature diversities 
respectively. 

Finally we conclude our studies in Chapter 6 by- 
giving a comparative statement of modulation techniques 
in order of their complexities and outlining the further 
scope of study in this field. 



CHAPTER 2 


PERFORMANCE OE 'SYSTEMS UNDER IDEAL CONDITIONS 

2.1 INTRODUCTION; 

In this chapter performances of various modulation 
techniques under ideal conditions have been discussed to 
obtain expressions for probability of errors. Specifically 
we assume that 

1 . The channel is an Additive white gaussian noisy 
( M GrN ) ch anne 1 . 

2. There is no inter-symbol interference (ISI). 

3. There is no delay distortion introduced to the 
signal by the channel. 

A comparative study is thereafter taken. The criterion 

for the comparative study is the average signal- to-noise -ratio 

(SNR) required per bit to achieve a particular bit error rate 

-a 

(BER). Three BER's have been arbitrarily chosen e.g. 10 , 10 

and 10 . These would be tolerable BBRs in voice, video and 

accuracy data respectively. While considering M-ary signaling, 
the symbol error rates have been converted to bit error 
rates and also the symbol SNR to bit SNR for comparison 
purposes. The criterion used to convert the symbol error 
rates to bit error rates and symbol SFRs to bit SNRs in 
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this chapter has also been followed in all the other chapters 
of the thesis. 

2.2.1 On-off Keying (00K): Coherent detection \ 1^. 

Here the transmitted signal can be written aB 
|u(t) cos w Q t ; 'I 1 (Mark) 

s(t) =.) ; 0< t <T (2.2.1) 

( v 0 : 'O’ (Space) 

where w Q is angular carrier frequency. In general for the. 
sake of simplicity, the modulating signal is taken to be a 
square pulse but it can be any well defined wave shape. The 
basic receiver structure and the corresponding probability of 
error under a threshold ’b’ is given as 


Pe 


1 

2 


1 - 


1 

5 


erfc(bo/ V"2 -f 7 


7 erfc 

4 


(bo/ f2) (2.2.2) 


where , 


erfc(x) 



/ 



x 


bo = = normalised threshold 

N = average power of the total output noise 



SHE; 


2 ~ is the peak signal power. 
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The expression (2.2.2) is true for a fixed threshold. 
The optimum threshold can be found out by diff erentiating 
(2.2.2) with respect to bo and equating it to zero. The 
optimum value, bo, is given as 


bo = fr/2 _ (2.2.3) 

Using equation (2.2.3) in equation (2.2.2), one gets 

Pe = ^ erfc (%-) (2.2.4) 


The above expression is valid for equiprobable signals only. 

The values of SNRs needed for various probabilities of 
errors are given in Table 2.4. 

2.2.2 00K: Envelope detection [ll 


The basic receiver structure and Pe has been calculated 
in Under a fixed threshold of 'b', Pe is given by 


Pe 





(2.2.5) 


where , 

Q(a,£5) = Marcum' s Q function 

t 2 + a 2 

a) 5 — 

= / t Io(R t) e dt (2.2.6) 

(3 

where Io(.) = Modified bessel function of zero order. 



10 


Optimum threshold, bo, is obtained from 
Io(bo Y2 y ) e Y = 1 or Y = In Io(bo 2 Y ) (2.2.7) 

A good approximation to equation (2.2.7) is given as 

bo + V/2 (2.2.8) 

At high SHRs and under the assumption of optimum 
threshold, Pe is given by 

Pe X ^ erfc Cfy/2) + ^ e ~ ** ^ 

* \ e~ y/4 (2.2.9) 

The values of SNRs needed for various probabilities 
of errors are given in Table 2.4. 

2.3.1 Binary Frequency Shift Keying (FSK): Coherent 
detection J 

The transmitted signal is generally represented as 
[ u( t) cos w^t ; 1 

s(t) = y ; 0< t < T (2.3.1) 

\^u(t) cos w 2 t : 0 

Here and w 2 are two carrier angular frequencies 

The corresponding probability of error 
expression is 


Pe = \ erfc ( frf2 ) 


( 2 . 3 . 2 ) 



Y = average SNR. 

The values of SNRs needed for various probabilities 
of errors are shown in Table 2.4. 

2.3*2 FSK: Ron-coherent detection \j J 

A pair of tone filters are used in non-coheren t 
detection of PSK and the output of each filter is envelope 
detected. The probability of error is given by 

Pe = 1/2 e~ Y/2 (2.3*3) 

The values of SNRs needed for various probabilities 
of errors are given in Table 2.4. 

2.4.1 Binary Phase Shift Keying (HPSK): Ideal coherent 
detection £.1"} 

The optimum expression for transmitted signal can be 
put in the following form, 

|"u(t) cos w c t : 1 

s (t) = J > 0<_t < I (2.4.1) 

|-u(t) cos w c t: 0 

with the expression for probability of error as 
Pe = ^ erfc ("f Y ) 

The receiver structure is given in fl"^. 


( 2 . 4 . 2 ) 
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The SN-Rs needed for various probabilities of errors 
are given in Table 2.4. 

2,4.2 BPSK: Differential detection (DPSK) \_1~\ 

It is not always possible to obtain and maintain a 
coherent phase reference at the receiver. In such cases, it 
may be possible to utilise phase comparison of successive 
pulses for detection purpose. Thus the information is 
conveyed by the phase transitions between the pulses rather 
than the absolute phases of the pulses. Therefore a ’Mark’ 

( ' 1 ' ) transmission is synonymous with a phase shift of 0° 
between two successive pulses and a 'Space' (’O') transmission 
synonymous with a phase shift of 180° between the two 
successive pulses. Thus the two inputs to the detector are 
a current pulse and second one being the current pulse delayed 
by a bit duration, T. Under the above conditions, the 
probability of error expression is given by j a s 

Pe = \ e“ Y (2.4.3) 

The values of SNRs needed for various probabilities 
of error are given ini Table 2.4. 

2.5.1 Multi-phase PSK ( M- ary PSK): coherent detection £l'J 

The requirement of higher data rate per unit bandwidth 
led to the advent of M-ary PSK. To understand this, let us 
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consider 4 phase PSK signaling 1 . In BISK , the data is 

transmitted on 0° or 180° phase positions of the carrier. 

Thus with respect to coherent detection, a completely 

independent binary signaling can be achieved at the 90°-270° 

phase positions of the carrier. One signal can be visualised 

as DSB-SC modulation by cos w_t and the other as DSB-SC 

c 

modulation by sinw t. Assuming perfect phase reference at 
the receiver, coherent detection by a cos w_t reference will 

V 

retrieve the first signal along with the noise component 
in phase with it and coherent detection by a sin w c t reference 
will retrieve the other signal plus the quadrature component 
of the noise. Thus , without altering the signaling bandeidth, 
information rate can be doubled. But cost is paid in terms 
of increased transmitted signal power. In fact to keep the 
error rate constant, the signal power must be doubled in case 
of 4-phase Pok as compared to BPSK. 

It is not possible, any more, to transmit any additional 
binary PSK signals on any other phase axes without producing 
cross-talks with both the quadrature signals already described in 
4- phase PSK case. Still one could conceive of higher level 
signaling using other suitable phase axes. The severe 
drawback of extending it to higher than M= 4 is the degradation 
of the system performance due to correlations between various 
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phases. Besides requiring stringent conditions of exact phase 
recovery, such situations could also end up with higher 
probability of errors. Thus, though higher data rates could 
be achieved, if one wants to retain the same probability 
of error, then the power to be transmitted is to be increased 
besides having to design a very complex receiver. 

4 phase PS&- signaling waveform can be represented 
as 

s(t) = a cos w t + b sin w t (2.5.1) 

c c 

where , 

a = + 1 
b = + 1 

hence, 

s(t) = f2 cos(w t + ©) (2.5.2) 

where , 

© * 45°, 135°, 225°, 315°. 

Expression (2.5.2) can be extended to general M-ary 
signaling which can be represented as 

s(t) = f!?!? cos (w c t + ©) (2.5.3) 

where 

5 = total signal power received 

and & can take any value in the discrete set 
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2 •'tt Jc 

M ~ » k=0,1,2 ... M-1 . Usually M is taken to be a power 
of 2(M=2 t n an integer). Figure 2.1 shows H-ary signaling 
phase positions. 



Figure 2.1: M-Phase Signaling (M=8) 

An exact calculation of Pe is possible. But the 
ultimate result obtained is not easy for numerical evaluation. 
As our intention is to calculate SNRs required to achieve bit 
error rates of 10 ^ and less, an approximate calculation of 
Pe is possible which is quite accurate for values of JO 4. It is 
also possible to calculate an exact expression in case of 
M=4 in a simple form. Thus we can use the approximate 
result to calculate SNR for M=8 and 16 only so that errors in 
calculation of SNRs at these values of Pi are insignificant. 



The received signal can be written as (assuming 
© = 0 has been transmitted) 

r(t) = s(t) + n(t) 


= ][2S cos w t + x(t) cos w t - y(t) sin w t 

w C 

= + x(t) J cos w c t - y(t) sin w c t 

(2.-5 .4) 

where the Gaussian noise n(t) has been expressed by its inphase 
and quadrature components and 

T T T „ 

x = y = n = N 


Equation (2.5.4) can be rewritten as 


r(t) = x'(t) cos w„t-y(t) sin w t 

C- C 


(2,5.5) 

where x* and y are independent Gaussian variates with means 


x' = y 2S , y = 0 
and variances 


( 2 . 5 . 6 ) 


( x T - x' ) = y = N (2.5.7) 

An error occurs if the phase of r(t) lies outside the 
correct zone - n/M <& < % /M. 

Calculation of P e; 

A simple yet very close approximate result now can be 
found by calculating the sum of the probabilities 

P.j = prob (y>x* tan ic/M) (2..5.S) 



(2.5*9) 


p 2 = Prob (y < - x* tan -rt/M) 



As shown in Pig. 2.2, (Pj+P 2 ) gives the probability 
that the phasor © lies outside the zone of correct reception, 
except that the zone of width 2 rc/M has been included twice. 
It is shown in £ fl that at high SUE., 

(P 1+ P 2 ) > Pe > (P'.,+P 2 ) (2.5.10) 

Therefore for large M 

Pe ^ P 1 + P 2 (2.5.11 ) 

The probabilities P 1 and ? 2 have been calculated in 
f 1 ! as 

P 1 = P 2 = ^ erfc (yr sin n/M) (2.5.12) 

Hence , 

Pe 3b erfc (t/~y sin ti/M) 


(2.5.13) 



18 


where Y = symbol SNR. 

P robability of err or in case of 4 Phas e PSK: 

An exact calculation for probability of error in case 
of 4-phase PSK is possible. If the coordinates of Pig. 2.2 
are rotated by 45° and considering 45° phasor to be transmitted, 
the received quadrature components x' and y are independently 
Gaussian with variance N and mean as 

x' = y =f2S cos n / 4 = 3 (2.5.14) 

The probability of error is thus given to be 

Pe = erf eft/ 2 ( 1-1/4 erfc Vt72 ) (2.5.15) 

Looking at equation (2.5*13) if we assume fixed infor- 
mation rate operation, it is evident that the SNR per bit 
(Y b = y/log 2 M) and hence signal power S must be increased as 
M /log 2 ^ if the symbol error probability is maintained 
constant with increasing M. At the same time required sig- 
naling bandwidth diminishes as 1 /log 2 M. If we have fixed 
signaling bandwidth operation, maintaining the same symbol 
error probability with increasing M requires that SNR per 
bit Y b be increased as M /log 2 M while the information rate 
increases as log 2 M. Point to be noted, however, is that to 

compensate for the increased information rate , then 

2 

transmitted power S must be increased as M and not 
as M 2 /log 2 M. 
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Rela t ionship between bi t err o r rat e s and symbol erro r rates : '] 

There is no exact relationship between the symbol error 
rates and bit error rates in most cases. However, it can be 
approximated in particular cases. In multiphase PS& signaling, 
as is evident from Pig. 2.1, an error is much more likely, to 
occur with adjacent phases selected than with any of the 
other phases selected at random. If we select a binary to 
M- ary coding such that the binary sequences representing 
adjacent phasors .differ in only one bit position (Gray Code) 
then at high SNRs, the bit error rates and symbol error 
rates are related as 

Peb = Pe/log 2 M (2.5.16) 

wh ere , 

Peb = bit error rate 

Pe = symbol error rate 

= Y /log g M is valid over all SNRs 

Calculation of SHR: 

For 4-phase PSK, equation (2.5*15) is used for SNR 
calculations. Equation (2.5.16) gives, 

Pe = log 2 -M. Peb = 2 Peb 



20 


Hence for 


He = 2x10~ 4 
He = 2x1 0~ 6 
He = 2x1 0~ 8 


Y b = y/2 = 8.4 db 

Y b = y/ 2 = 10.56 db 

Y b = y /2 =11.97 db 


for 8-phase PSK. equation^ ? ^ i ■? o o o. 

quaxionu.5.13; is used for SHE. calculations. 

Equation (2.5.16) gives 


Pe = log 2® Peb = 3 p e b 


Hence for 

He = 3x10~ 4 ? 

Pe = 3x10’"^ ; 

He = 3x10" 8 ; 

Similarly for 1 6-phase PSK 
Equation (2.5.16) gives 


Y b = Y /3 = 11.74 db 

v b = Y /3 = 13.97 db 


= 15.44 db 


again equation (2.5.13) is used. 


He = 4 Peb 


Hence for 


Pe = 4x10' 4 ; T b = y/4 = 16.15 db 

Pe = 4x10~ 6 ; Tb = y /4 = ie-45 db 

Pe = 4x10 8 ; Y b = y/4 = 19.96 db 

2.5.2 M-ary PSK with differential detection j 

Per large H end at high SHHs, it has been shown in Til 


that the approximate probability of error in case of multi-phase 
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PSK under differential detection is given by 

Pe = erfc (f~27~sin %/ 2M) (2.5.17) 

The above expression gives a very small error for 
values of M > 4 and at high SNRs. Since we want the SNRs for 
BRR of 10 ^ and less, the above result gives accurate enough 
result for our purpose. 

Calcula tion of SNRs : 4 phase PSK ( .DQPSK) 

By the help of equation (2.5.16), we can write 
Pe = logg 4 Peb = 2 Peb. 

Using equation (2,5.17) for SNR calculations one gets, 

For Pe = 2xl0~^ ; Y b = Y / 2 ~ 10*7 db 

Pe = 2x10”^ ; = y/2 = 12 . 26 db 

Pe = 2 x 1 0" 8 ; Y b = y/2 = 14.3 db 

2.6 Minimum Shift Keyed (MSK) and Offset Keyed QPSK Signaling: 

Here, we consider the performances of MSK and OK-QPSK 
and then compare them. The bit error rate calculations are 
based on the discussions in £7,8,13,1 6, 24 } . 

It has been seen that if the abrupt phase transitions 
in the transmitted signal at bit transitions could be avoided, 
the spectral characteristics of the signal improves considerably. 
MSK signaling is a particular case of continuous phase PSK 
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(CP-I'SK) signaling where abrupt phase transition is avoided. 
For the sake of continuity, a brief introduction is given to 
CP-PSK signaling below. The transmitted signal in case of 
BFSK is given by 

[a cos f 2 7 t fjt + 0(oj] : • 1 1 

s(t) = 1 1 ; 0 < t < T (2.6.1 ) 

\ A cos \ 2% f 2 t + 0(o)^ : ’-1 • 

where 

0(o) = initial phase ( assumed constant ) 

and 

f^ >f 2 ~ ^ wo "tone frequencies being transmitted. 


Let the transmitted CP PSA waveform be written as 

s'(t) = A cos ^ 2 ti f c t + 0(t)J (2.6.2) 

where , 

f c = (f 1 +f 2 )/2 (2,6.3) 

of eqn. 

is the mean of the two tone frequencies/^ ($.6.1). If the two 
waveforms are to be identical, then s(t) - ss’(t) and, we get 


2n i c t + 0(t) = 2n f^t + 0(o) : ’ 1 1 

= 2ti f 2 t + 0 ( o) : ‘-1 ' 


(2.6.4) 


Using eqn. (2.6.3) in eqn. (2.6.4), we get, 
0(t) = 0(o) + (f 1 - f 2 ) itt 


(2.6.5) 
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+ sign is for a '1 ' transmitted 
sign is for a *-1* transmitted 

Let h = L( f 1 -f 2 ) be the modulation index where T is the 
bit duration, then 

0(t) = 0(o) + t (2.6.6) 

It has been shown that the value of h is optimum 
(for minimising the probability of error) at 0.7J5 . ¥e 

discuss this case in the next section. The particular case 
where h= .5 is called MSK and is important due to its 
spectral characteristics. It requires considerably less 
bandwidth as compared to any of the conventional signaling i.e. 
1 oK , FbK or ASK. MSK is some times called fast frequency 

shift keying due to the fact that data rate per uhit bandwidth 
is quite high. 

The MSK waveform can be represented as belfcw: 

nt 

Y MSK (t) = c °s(2'tff c t + -&2T + ^ ) (2.6.7) 

where , 

= +1 is bipolar data 

•j 

T = ^ = is bit duration 
R = Binary data rate 

= a phase constant which is valid over the period 
kl < t < (k+1 ) T 
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As the phase of the waveform is to remain continuous at 
hit transition interval t « KT and the fact that x k is 
constant over kT <_t < (k+1 )T f we get the recutsive formula 
for x k as 

’■k = \-i + f . < 2 - 6 - 8 > 

For coherent detection a reference value of x^, say x Q , can 
be set to zero without loss of generality. Hence, 

x k = 0 , -ji modulo 2 it - (2.6.9) 

By using' eqne.( 2.6.8) and (2.6.9) in eqa. (2.6.7) we can write, 

Y MSk( t ) = 003 c0s 2ti %t cos -U k cos x^. sin 2 tc f c t 

sin % 

= C(t) cos 2% f c t cos x k -S(t) sin 2it %t . U k cos x^. 

; ElT < t < (K+1 )T 

( 2 . 6 . 10 ) 

where 

C(t) = cos 
S(t) *= sin 

Here 0 ( t ) cos x k * cos 2nf 0 t can be viewed as 'I* channel and 
S(t) H k cos x k - sin 2n£ c t as.Q channel ^7 J . 
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Since data can change every T seconds, it might 
appear that cos x^. and cos x k can also change every T 
seconds. But on the contrary due to the phase const aint, 
the two datas can change values at the zero crossings of C(t) 
for cos Xjj. and S(t) for U k cos x^. Thus the symbol weighting 
function in either X or Q channel is a half cycle sinusoidal 
pulse of duration 2T seconds and of alternating sign. The 
'I' and * Q’ channels are skewed T seconds to one another. The 
data is transmitted at a rate of bits/ sec in both I and Q 

channel. Since x^ = 0 ,-n; modulo 2 tt , cos x^. and cos x k 
can take values only of +1 . 

Prom bit to bit independent data the signs of 
successive'!' or ' Q* channel pulses are also random from 
one 2T second pulse to another 2T second pulse. Thus when 
viewed as quadrature signaling waveform we can rewrite eqn. 

( 2.6 . 10 ) as 

U 2k _lC ft-2kT*] cos 2 tc f c t - U 2k _ 2 S^t-(2k-2)T>in 2itf c t 
Y MSK (t)=; ' j ( 2k-1 ) <t < (2kT) 

^2k«1 C L t: " 2kT I c0s 2% f c t ‘^2k S Q ; *’ 2kT ^ sin Zltf c t 

; 2kT < t < (2k+1 )T 


( 2 . 6.11 ) 
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The -waveform of OK-QPSK is same as (2.6.11) except 
for the weighting functions to ’I* and ’Q’ channels and ig 
given by ^_7j as, 

1 U '2k-1 s Q.c^t-2kT^ cos 2% f c ’ t ~^2k-2 S( * s 2k: *' 2 )Tj 

\ sin 2u f c t 

Y OK-QPSE (t) =', ,(215-1 )T < t <2kl 

! U 2k-1 3q[C i**2kT cos 2% Sqs Ct-2k:lJ 

sin 2 ti f<;t 
; 2kT <t < (2k+l)T 

( 2 . 6 . 12 ) 

where . 

r ““ 0 < t <21 

I V2 " " 

Sqs =1 

i. 0 elsewhere 

j U_ -T < t < T 

I 42 

Sqc =■< 

0 elsewhere 

The encoding used in (2.6.11) is to demultiplex the 
data streams which are used to determine the symbol pulse 
signs of ’I* and ’ Q* channels during odd intervals 
(2k-l)T<t <£ 2k+1 )„T and even intervals 2kT < t < (2k+2)T 
respectively. 
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In case of MSK when the bandwidth is infinite there 
is no I SI between 'I ' and * Q* channels* 

In offset QPSK signaling* the bit transitions for one 
binary channel occur at the middle of the bit interval for 
the other channel. Under the assumption of independent equally- 
lilely choices of positive or negative polarities for each 
bit, the probability of transition is one half when a transition 
occurs, the cross -coupling between 'I* and ' Q* channels 
changes polarity at mid bit of the other binary channel and 
the inter channel interference during the first half of the 
bit interval is consequently cancelled by the interference of 
opposite, polarity during the second half of the interval* 

Hence, detection performance of 0K-QF3K is identical to BPSK. 
when a bit transition occurs. If no transition occurs, then 
the cross -coupling interference remains constant during the 
entire interval of the detected bit. Hence the performance 
of OK-QPSK is between BPSK and QPSK under any conditions. 

If the binary data rate is same for MSK, QPSK and 
OK-QFSK (i.e. ~ ) then the phase transitions in MSK and 

offset QPSK waveforms occur every T seconds whereas the 
conventional QPSK has the transitions occuring every 21' 
seconds. QPSK. and OK-QPSK have abrupt phase transitions. 

In QK-QPSK, the transitions can be only +90° whereas in 
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QPSK, 180° phase reversals are possible. Therefore OK-QPSK 
performs better than QPSK. The continuous phase nature of 
MSK gives it superior spectral characteristics than either 
QPSK or OK- QPSK. The bandwidth occupied by OK-QPSK (or CJPSK) 
is one half of that of BPSK for same data rate transmission 
although penalty is paid for this^QPSK (or OK-QPSK) in terms 
of increased signal power. 

MSK can be non- coherently detected using a discriminator. 
This provides an inexpensive method of demodulation. The 
degree of regeneration of filter side lobes is less in case 
of both MSK or OK-QPSK than conventional QPSK if they are 
band limited. Either technique has a carrier recovery 
feature which provides an advantage over conventional QPSK. 

The drawback is that both the techniques require a certain 
critical bandwidth and, for narrower channels, performance 
degrades due to ISI. MSK is found to be superior to that of 
QPSK when the channel bandwidth exceeds 1 .1 times the binary 
data rate i_7] . 

Eor BER calculations we assume the channel to be ideal 
(defined as linear, infinite bandwidth channel, corrupted by 
additive white gaussian noise only). In addition, perfect 
carier and timing references are assumed available at the 
receiver. With these assumptions, and viewing both MSK and 



29 


OK-OPSK as orthogonal binary channels with antipodal 
signaling, the binary error probability is given by \*3^a-8 

Pe = | erfc (fy) 12.6.13) 

where Y = Pb/No 

= SHR per bit 
Eb = Energy per bit 

No/2 - double sided spectral density of WGN. 

The SNR calculations are same as EPSK case. 

2.7.1 Continuous Phase FSK( CPFSK h = .715): coherent 
detection ’[6,121 

In previous section, an introduction to CPFSK was 
given. In this section we shall deal with the probability 
of error calculations when h= 0.715. Instead of observing 
a single bit and making decision on that bit we shall be 
making decision on a bit by observing f n' bits i.e. decision 
on first bit is made on the basis of observed waveform 
during that bit interval and (n-1 ) subsequent bit intervals. 
We assume that the information bits are +1 and the only 
interference present is the additive white Gaussian noise 
with double sided spectral density as No/2, 

The CPFSK waveform can be represented during the first 

<r 

bit interval as: 
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a 1 it ht 

s(t) = cos(w c t + + 0 <t < I (2.7.1) 

where = = binary data 

= + 1 

h = modulation index defined as the peak-to-peak 
frequency deviation divided by the hit rate 

4>- 

w = angular carrier frequency 
c 

© = R.F. phase at the beginning of the observation 

interval. 

With the constraint that the phase of s(t) is to remain 
continuous, the waveform during the ’i'th bit interval can be 
written as 

r a, it h ( t— ( i— 1 )T) i “ 1 “1 

s(t)= cos ' L w c t+ £ + " a.nh + 0 1 

3 1 

; (i-1 )T < t < iT (2.7.2) 

Since we are dealing with coherent detection case, can be 
assumed to be zero without loss of generality. Equation 
(2.7.2) can now be put in the following form: 

r a. % h( t-( i-1 ) T ) 1 " 1 

s(t, ai »\)= cos w c t + 5 + ~ a-jith 

L • 3— ^ — 

; (i-1 )T < t < if (2.7.3) 
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where a.. = binary data on which a decision is to be made and 
Hz re P res ents a particular data sequence i.e, it represents 
a ( n- 1 ) tup le a 2 > a^ , • • • a^ * 

Our aim is now to observe s(t,a>| , A^.) in AWG-N and 
produce an optimum decision as to the polarity of a^ . The 
problem thus presented is a composite hypothesis problem 
which has been treated in j^4j. The solution is well known* 

The likelihood ratio, 1, can be expressed as 

nT 

/ exp(|~ / r(t) s(t,1,A)dt) f(A) dA 

i - C2 - 7 - 4) 

f exp(~ f r(t)s(t,-1 ,A)dt)f (A)dA 
A o 

where 

f dA = / / ... f ^ a 3 **• ^ a n (2*7.5) 

A a 2 a 3 a n 

Since Sj/s are assumed independent, the density of A is 
given by 

f(A) = f(a 2 ) f(«j) ... f(a n ) (2.7.6) 

where f(a.j_) is the density function of ith data bit. 

f(a^) = j> 6(a^”l) + |r M a j_ + 1) (2.7.7) 

Using equation (2.7.7) in equation (2.7.4) and carrying out fee 
integration, likelihood ratio is given as ^_6,12"3 



r(t) * IfcCt ) ♦ n ( t> 






• ( t,**1 1 Afp) 


NOtCs mm2 


n-t 


2-3 Block diagram of optimum 
CPFSK conereht receiver 
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2 Li x nT 

exp(^ / r(t)s(t,1 ,A1 )dt)+.. .+exp(;|- / r(t)s(t ,1 ,Am)dt) 

1 2 o 

/ 2 nT o nT. 

e *P(lo / r(t)s(t,-l ,A1 )4t)+. . .+exp( ~ / r(t)s(t,~1 ,Am)dt) 

o o 


(2.7.8) 

where 

_ 0 n-1 

m = 2 

The receiver structure defined by equation (2,7.8) is 
shown in Figure 2.3, 

It is . not possible to find an exact expression in 
closed form for probability of error for the receiver shown 
in Figure 2,3*. But it is possible to find a bound on the 
performance of the receiver, both at high and low SNRs 
(upper as well as lower bounds). Since our interest is in BERs 
of 1 and less and hence high SNR, we shall find the bound 
applicable at high SNRs only. Applying the union bound to 
our case which is tight at high SNRs 1 2 ~\ , we get 


, m m 

Pe < £ 2 2 Pr 

"" m 1=1 3=1 


where x^ 1 is the output of correlator matched to signal 
s ( t , 1 , Al) and x 


.{ x 11< x - 


1 3 


/s(t,1 »Alj~| 


(2.7.9) 


to s(t,-1,Aj). Further, 
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Pr |x u 4 *_ 13 | s(t,1 ,A1) j 

= ^ erfc [fS|i (1-P(l.j))> 1/2 1 (2.7.10) 

where Eb = energy per bit 
and 

nT 

p (!»j) = nEb f s(t,-1 ,Al)s(t,1 ,A3)dt (2.7.11) 


p(l f j) is correlation coefficient. Equation (2,7.11) is 
calculated using equation (2.7.3) and is given as 6 


p ( 1 , o) 


1 

n 


n r . k-1 

Z sine (h/2(a k -b k )) .cosjf 2 - (a k ~b k >+ £ %b(a^b^) 

k — 1 ri— 1 <j 


( 2 . 7 . 12 ) 

where a^'s are data bits belonging to sequence Al and b^s are 
data bits belonging to sequence A j with the constraint a^=1 
and b^ = -1 . 

Lower bound on performance : 

A lower bound on the performance can be evaluated by 
supposing that for each transmitted sequence , the receiver 
needs only to decide between that sequence and its nearest 
neighbour. This receiver will perform as well as the 
receiver which does not know which of the two sequences were 
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transmitted but must compare with all possible sequences. 
This performance is a lower hound to that presented earlier 


in equation (2.7.9). 
1 “ 1 


Pe > 


m 


m 1 1 vvpv 1/2 

\ erfc \ {S fs P*U))> 


(2.7.13) 


where p*(l) = maximum of p(l,j) over all- j. 

Discussion of Numerical results : 

Numerical evaluations have been made for upper bcund 
and lower bounds at high SNRs for 2 bits, 3 bits, and 5 bits 
observations intervals. The graph is shown in Figure 2.4. 

Conclusions : 

It is seen that at high SNRs, the upper and lower 
bound curves merge together. There is apparently hardly 
any difference between the two above 8 dB SNR. It is 
observed that there., is a significant gain in terms of SNR 
when the observation interval is increased from 2 to 3 bits. 
But when the interval is increased from 3 to 5 bit, the gain 
in terms of SNR is not that pronounced. Therefore it can be 
concluded that 3 bits observation interval at high SNR is 
sufficient as increasing the observation interval to 5 bits 
improves the performance of the receiver only very marginally. 











Table 2.1 

lower Bound on Probability of Error 


SjSR 

(Bb/No) 

dB 

Observation" 
int erval 
= 2 Bit 

Observation 
interval 
= 3 Bit 

Observation 
interval 
= 5 Bit 

1 

5.035x10 ” 2 

3. 626x1 o'” 2 

2.81 6x1 0 2 

2 

3.293. 10~ 2 

2.1 99x10“ 2 

1 .650x1 0" 2 

3 

1.967x10~ 2 

1 .194x1 O'” 2 

8.671 x10~ 3 

4 

1 .052x10~ 2 

5.653x10" 3 

3.987x10" 3 

5 

4. 905x1 0~ 3 

2.254x10~ 3 

1. 559x1 0" 3 

6 

1.932x10" 3 

7.264x1 O" 4 

4.990x1 O" 4 

7 

6.1 88x1 0~ 4 

1 .793x1 O" 4 

1 . 244x1 0" 4 

8 

1 • 534x1 0" 4 

3.175x10" 5 

2.264x10" 5 

9 

2.770x10" 5 

3. 71 4x1 O* 6 

2. 758x1 O" 6 

10 

3*369x1 0~ 6 

2. 586x1 0" 7 

2.01 8xl0" 7 

1 1 

2,492xio"’ 7 

9.41 3x10" 9 

7. 736x1 O" 9 

12 

9. 837x1 0~ 9 

1 .51 6x1 0“ 10 

1 ,311xlO~ 10 

13 

1. 750x1 0~ 10 

8.807x10" 13 

7.951x10" 13 

14 

1.136x10" 12 

1.411X10" 15 

1 .321x10" 15 

15 

2 .066x10"^ 3 

4. 477x1 O' 1 9 

4.307X10" 19 


38 


Table 2.2 

Upper Bound on Probability of Error 


SNR 

(Eb/No) 

dB 

Observation 
interval 
= 2 Bit 

Observation 
interval 
= 3 Bit 

Observation 
interval 
~ 5 Bit 

1 

-2 

-2 

1 .0533x10“' 1 

9.037x10 

8.727x10 

2 

5.769x1 0~ 2 

4.81 6x1 O*" 2 

4.809x1 0 -2 

3 

3.344x10 -2 

2.349xlO“ 2 

1 .945xlO~ 2 

4 

1 .722x1 0~ 2 

9.881x10~ 5 

6.960 x 10~ 5 

5 

7*670x1 0~ 5 

3.482x10“ 5 

2.196 x 10”* 5 

6 

2.858x1 O -5 

9.941 xl o” 4 

6. 008x1 0” 4 

7 

8. 578x1 O" 4 

2.203xl0"" 4 

1 .358x1 0“ 4 

8 

1 .979x1 O*"’ 4 

3.584xl0" 5 

2.345x10~ 5 

9 

3.319x10~ 5 

3.955x10" 6 

2.791 xIO" 6 

10 

3* 773x1 O" 6 

2.661x10 7 

2. 024x1 O'* 7 

11 

2. 647x1 0** 7 

9.51 6x1 O" 9 

7.741 xIO” 9 

12 

1 .010x1 0~ 8 

1 .523x10"’ 10 

1 .31 1 xIO** 4 ^ 

13 

1 .766x1 0~ 10 

8.81 5x1 O -1 5 

7.951x10** 13 

14 

1-139x10” 12 

1 ,411x10~ 15 

1 .321X10"" 1 5 

15 

2.067x10“ 15 

4. 477x1 O" 1 9 

4.307x1 O*” 1 9 
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In cases where the performance must be improved, 
beyond Ihe results so obtained , there is no other alternative 
but to use error correcting codes. 

Coherent CPFSK out performs BPSK coherent detection 
scheme with a modulation index (h) of 0.715 and observation 
interval of 3 bit or more. The gain in SNR is 1 db at a BER 
of 1 0 ^ as compared to BPSK case. Inspite of the better 
theoretical performance of this scheme t practical difficulties 
make it a difficult system for realization. This is due to 
the fact that there is no simple technique for obtaining the 
reference signal required for coherent detection of CPFSK 
from the received waveform for a modulation index of 0.715 
(which produces the best performance). 

SNRs needed for various probabilities of errors are 
shown in Table 2.4. 

2.7.2 CPFSK (h» .715): Non-coherent detection: [_6, 1 2 ] 

In this section we shall discuss a receiver structure 
and find an upper bound on probability of error when the 
carrier phase is unknown. We shall be making decision on 
the present bit by n past bits and n bits which wculd arrive 
later on i.e. the decision on a bit is based on observation 
of (2n+l) bits. The signal component in the received waveform 
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corresponding to the transmitted CPPSK waveform can. be 
written as ( refer equation 2.7,2) 


s(t)=(2P) cos s (w t+ --- 

, o 


a- 7i h(t-(i-1 )T) i-1 

m + 2 


a j -jt h + © 1 


; 0 < t < I 


(2.7.14) 

We can denote the observed waveform as s (t » a n+ -] ) where 

den o te s the 2n tup les a^ » ag » ... a^ ? a^^g » • * ^ - 2n4~1 * ^ 

are assumed to be equally probable to be +1 and are 
independent. The phase ©^ is assumed to be uniformly 
distributed between + % . We want to design a receiver 
which observes (2n+l) bits of information and makes a decision 
regarding the polarity of a n+1 with the objective to minimise 
decision error. Following the argument of previous section, 
the likelihood ratio for this composite hypothesis can be 
expressed as 

/ / f ( A)f (@ 1 )exp(^~ / r (t)s( t ,1 ,A,© 1 )dt) d© 1 dA 

©. A 

1 = '-3 

/ / f(A)f(© 1 )exp(|^ / r(t)s(t,-1,A,© 1 )dt)d© 1 dA 

©^ A 

(2.7.15) 

The only difference between this likelihood ratio and that 
obtained in the previous section given by Eqn. (2.7.4) 
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is that one should suitably account for the uncertainty 
because of random phase. The decision is made here on the 
middle bit rather than first bit. One could write analogous 
to equation (2.7.8) 
m ' ? 

/ 2 (~/r(t)s(t,1 ,A k ,0 1 )dt) f(© 1 )dQ 1 

0 ^ Is.*- 1 

! - - ■— - - : * ■ " • 

J 2 (fo f r(t)s(t,-l ,A k ,© 1 )dt)f(© 1 )d© t 
0 ^ k — 1 

( 2 . 7 . 16 ) 

where m’ = 2 2n 

Averaging over the random phase of Equation (2,7.16) gives 
a result introducing modified Bessel function of zero order. 
We can write the above equation as jj 2~j 


m’ 0 m’ 

1 “ £ I0( ^ V' £ 




(2.7.17) 


where 

Z*j ± = (f r(t)s(t,1 ,Ai,0)dt) 2 +(/ r(t)s(t,1 ,Ai, 7t/2)dt) 2 

and 

(/ r(t)s(t,-1,Ai,0)dt) 2 +(/r(t)s(t,-1 ,M,®/2)dt) 2 

The receiver structure given by equation (2.7*17) is 
shown in Figure 2.5. 




Fla. 2*5 Block diagrom of optimuhi CPFSK 
nan -coherent receiver 
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It is not possible to analytically derive an 
expression for probability of error in a closed form for 
the receiver shown in Figure 2.5. However it is possible 
to find an upper bound on the performance which is tight on 
high SNRs. 

High SNR _b ound on Pe : 

It is known that for large argument 

2 Io(z.) * Io( Xl ) (2.7.18) 

i 

where x-^ is the largest of the set x^ . Using this 
approximation, the equation (2.7.17) can be written as 






(2.7.19) 


where is largest of the set {Z.^} and Z_ 1k is largest 

of the set'{Z_.|^} . As Io(.) is monotonic function of its 
argument, the equation (2.7.19) is equivalent to 



( 2 . 7 . 20 ) 


The demodulator using the strategy of equation (2.7.20) 
would choose the largest of all Z^ ± and then classify the 
largest as corresponding to a data *1' or data '-1 ' in the 
middle bit interval. A decision error is made if, given a 
' 1* was transmitted one of tie 


was largest. 
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Suppose that a (2n+1) bits transmitted word is 
observed and the middle bit is a data 1. The transmitted 
sequence , excluding the middle bit, is indicated by the 

index 'k' so that an error is made if at least one of 

r "i 

{ Z_^ } is greater than Z^. Then by the union bcund L 3 J 


Pr (Error/sequence k transmitted ) 


m' 

< ^ *r (Z Hj >Z 1k ) 


( 2 . 7.21 ) 


The average probability of error can now be computed 
by averaging over all possible transmitted sequences 
containing a 1 in the middle bit interval. 


Pe = “t 

m’ 

E 

m' 

k=1 


m* 

Pe < ~ , 

w mm YU « 

E 

ILL 

k=1 


Pr ( Err or/sequence k transmitted) 


m* 

E 

3=1 


Pr < Z -1J >Z 1k J 


( 2 . 7 . 22 ) 


In equation (2.7.22) the bounding performance of 
equation( 2.7.20) has been reduced to a simple binary problem 
solution of which is well known [5 J . For this situation 


Pr (2., j 





a l/? ) + 


Q(a 


1/2 



•2.7.23) 
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where Q( 1 , ' ) is Marcum's function defined by equation 
a' and 1 b' are given by 

( 2n+1 ) [l + ( 1 - [p | 2 ) 1//2 "j ( 2 . 7 . 24 ) 

wh ere 

+ is used for 'b* 

- is used for 'a' . 

|| o is the SER of Z . Whereas ( 2 n+l) is the SEE 
for (2n+1) bits 

p = is the value of correlation between the transmitted 
waveforms corresponding to sequence 3, with a data -1 in 
the middle bit interval, and sequence k, with a data 1 in 
the middle bit interval. It is given by as 

. 2n+1 k-1 

= k £, exp < 3 £, (a rV * h) 

.eip(hjr ) .sine (h/2(a Jt -b 1I )) 

( 2 . 7 . 25 ) 

where belongs to kth bit sequence of data {b^.} and a^. 
to jth bit sequence of data with the constraint that 

Vi = 1 a n+1 = • 


(2.2.6) and 


) b 


a 
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Table 2.3 

Probability of Errors for BPSK and CPPSK non-coherent 

dete ctor 


Eb 

EPSK 

Upper 

Observation 
interval = 3 bit 

Bound 

Observation 
interval = 5 bit 

dB 

Pe ' 

_ Pe 

Pe 

1 

5.628X10" 2 


- 

2 

3.750x10~ 2 

- 

- 

3 

2. 287x1 0~ 2 

1 .393x1 O^ 1 

1.196.10" 1 

4 

1 .250x10“ 2 

7.363x10~ 2 

4. 675x1 O” 2 

5 

5.953x10" 3 

3.375x10~ 2 

1 .528x1 0“ 2 

6 

2.388x1 0" 5 

1 .303x10‘ 2 

4.065x10“ 3 

7 

7.726x1 0" 4 

4.084x10 3 

8.485x1 0~ 4 

8 

1 . 909x1 0~ 4 

9.917x10" 4 

1 .31 9x1 O’* 4 

9 

3.362x10“ 5 

1 . 758x1 0~ 4 

1 . 420x1 0“ 5 

10 

3. 872x1 0‘ 6 

2.11 5x1 0~ 5 

9.862x10“ 7 

10.2 

- 

- 

5.839x1 0~ 7 

10.5 

- 

- 

2.933x10~ 7 

1 1 

2.61 3x1 0~ 7 

1 . 575x1 0~ 6 

- 

1 1 .2 

1 .41 2x10~ 7 

8.270x1 0~ 7 

- 

11 .5 


3.203x1 0~ 7 
-7 

- 

11 .7 

- 

1.303x10 

— ~ 


Probability of error 
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Discussion_of_numeri cal result s : 

‘-nmimr imm-* ^^.,1 tn»W *5*r 

Numerical calculations hare been made for upper 
bound on Pe for 3 bits and 5 bits observation intervals 
for high SNR. To compare the performance of this non- 
coherent receiver with BPSK case, calculations have been 
made for BPSK case also. A graph has been plotted in 
Figure 2.6 where SNR versus Pe is shown, 

Marcum Q function has been computed using the 
algorithm of reference ^2ll . This gives an accuracy 
upto 10 . The programme is given in Appendix A. 

Concl usions : 

Non-coherent CPFSK receiver has been compared with 

BPSK receiver with one bit observation interval for which it 

gives best performance. Looking at the Figure 2.6, it is 

seen that at SNR lower than 8 dB (approx.) BPSK (coherent 

detection) performance is better than CPFSK performance both 

with 3 bits and 5 bits observation intervals. But at SNR > 8 dB 

5 bits non-coherent CPFSK receiver out performs BPSK scheme. 

At lower SNRs, the advantage gained by increasing the 

observation interval from 3 bits to 5 bits is not very 

significant. But at higher SNRs, there is a significant 

—6 

improvement. For a BER of 10“ , the gain is approximately 

p 

1.3 dB but at BER of 10 gain is only of the order of 0.6 dB. 
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A comparative study of Figures 2.4 and 2.6 show 
that at BBR < 10 , the non-coherent and coherent receiver 

with 5 bits observation intervals are equivalent in 
performance to within 0.5 dB. This shows that extending 
che observation interval beyond 5 bits is not going to 
improve the performance of non-coherent receiver by more 
than 0.5 dB approximately. 

The fact that 5 bits CPFSK non-coherent detector 
performs better than coherent BPSK and has a better power 
spectral distribution than BPSK in terms of percentage power 
contained in a given bandwidth, makes CPFSK non-coherent 
detection an attractive scheme for channels whose perfor- 
mance is limited by thermal noise. This scheme also does 
not have the synchronisation problem as is the case with 
coherent structure and is realizable using available techno- 
logy. The cost is to be paid in terms of additional complexity 
of the receiver .SNRs needed for various probabilities of 
errors are shown in Table 2.4. 

2.8 Comparison of the modulation schemes under ideal 
conditions: 

Discussion : 

Table 2.4 has been prepared to portrary the signi- 

for 

ficant differences in SNR needed^, various BBRs using 



50 


Table 2.4 

Ideal performance of representative modulation schemes 



SNR = Eb/R 

o (dB) 



Pe=1cT^ 

Pe=10“k 

Pe=10~ B 

00K: Coherent detection 

1 1 .4 

13,56 

14.9 

00K: Envelope detection 

1 1 .9 

14.2 

15.5 

PSK: Coherent detection 

11 .4. 

13.56 

14.9 

PSK: N on-coherent 

detection 

12.5 

14.1 

15.5 

EPSK: 

8.4 

10.54 

11.97 

BPSK: 

9.3 

11.18 

12.49 

(^PSK: 

8.4 

10.54 

11.97 

8 -PSK: 

11 .74 

13.97 

15.44 

1 6 -PSK; 

1 6.1 5 

18.45 

19-96 

DQPSK: 

10.7 

1 2.86 

14.3 

OK-OPSK 

8.4* 

10.54 

11 .97 

MSK(h= .5) 

8.4* 

10.54 

11.97 

CPPSK: Coherent detection 
h = .715 

7.4 # 

9.55 

10.98 

CPPSK: Ron-coherent 

detection h= .715 

9.3 

11.15 

4MB 


Under ideal condi tions,BER performances of OK-QPSK and BPSK are 
same. Also BER performance of MSK is same as BPSK under 
ideal conditions and under the assumptions of Section 2.6. 

^Assumes an observation interval of 3 bits. 
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different modulation techniques under white Gaussian noise 

assumpti ons. Symbolic BBRs of 10 ^ (Voice grade Communication), 

10 (video) and 10 (high accuracy data) have been 

selected for the calculation of SNRs. The values obtained 

are for ideal conditions. The SNRs in case of 00K (coherent 

and non-coherent schemes) has been shown to be 3 dB lesser 

than shown in many other texts. This is due to the fact that 

overage SNR has been considered throughout. The symbol 

to 

error rates have been converted^bit error rates and symbol 
SNRs have been converted to bit SNRs. The most interesting 
result is that coherent CPFSK (h = .715) outperforms BPSK 
and other equivalent techniques (which are optimum only 
when the observation interval is confined to one bit). The 
identical performances of MSK, QPSK and OK-QPSK attests to 
their underlying similarities. Indeed these techniques 
differ only in the weighting functions applied to ’I* and 
'U' channels. 

Any practical system will deviate from the results 
obtained in Table 2.4 and should be suitably accounted for. 

We discuss some of the departures in subsequent chapters. 


IU\ KANPUR 
OJifK Al LIBRAS* 



CHAPTER 3 


COM'® NIC AT I OH EFFICIENCY 


3.1 INTRODUCTION: 

In this chapter, efficiencies of certain digital 
modulation techniques, as measured by data rate per unit 
bandwidth, have been compared. The systems compared are 
FbK, PSK and linear modulation systems. In each case the 
channel is assumed to be AVON, * linear and without 

any ISl. Our aim is to find the maximum achievable data rate 
per unit bandwidth for a given SNR and probability of error. 
The calculations have been made assuming optimum detection 
(optimum detector achieves the smallest possible error rate 
for fixed input SNR). 

3.2 Frequency-Shift-Keying: 

FSK. system under discussion generates one of ' M’ 
possible tones of fixed duration T and unit energy. The 
! l*th tone can be represented by 

S^(t) ®= (|*)^^ cos (w c t + 1 A wt ) , 

0 < t I 1 ? 1 = (3.2.1) 

where 

w c is angular carrier frequency and A w is the 
minimum angular frequency deviation. 



The optimum detector for this set of signals 
operating over the additive white Gaussian channel of 
double sided spectral density of No watt/Hz is treated 
in [3] . It consists of a bank of 'M' matched filters; the 
filters are matched to the signal set {^(t)}. An equi- 
valent technique employs a bank of *M* correlators 
(inte grate -and-dump circuits) giving' rise to 'M* quantities* 

I 

X 1 ~ f S l^ t ' 1 v (t) (3*2.2) 

o 

1 = 1,2 ... M 

where v(t) is the received waveform. 

The optimum detector makes decision based on the set 
of random variables { } * It decides S^(t) was 
transmitted when 

x. = max x-, (3.2.3) 

J •** 

One can derive an expression for probability of error but 
it is sufficient and also mathematically tractable to use 
the tight upper bound on the probability of error by using 
the Union-Bound which states that the probability of 
union of ’ M’ events is always smaller than or equal to the 
sum of the probabilities of 'M' individual events IT] • 

There is no significant difference in the performance of FSK 
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coherent optimum detector and non-coherent optimum detector 
at high vjl'Iii s [21* Since our interest lies in the probability 
of errors of 10 and smaller and as such high SHRs , the 
upper bound can be written as 

— ( 1 — 9 ) 

Pe < ( M- 1 ) e 2W0 (3.2.4) 

where S is the signal energy and P is the maximum cross- 
correlation coefficient between the signal set { S i( t ) } . 

It is given by 

T 

= max p^ = max f S^(t) S^(t) dt 

o 

i,j.; i i,j; i^j (3*2.5) 

Substituting the values of S. (t) and S-(t) into equation 

X J 

( 3 * 2 * 5 ) and solving, we get 

Sin(i-3)Awl Sin AwT 

= max T^IFTwT = Twf 

(3*2.6) 

Our interest lies in Pe < 10 ^ and consequently 
large exponents of equation (3*2.4). 1'herefore we can 
replace the inequality in equation (3*2.4) by equality. 
Furthermore, at large SNRs, the contribution due to the 
factor ( M-1 ) is minor and we can neglect it. Hence, 
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Our aim is to maximise the data rate per unit 
bandwidth associated with the signal set (S^(t)} t keeping 
the probability of error and Siffi constant,. The data 
rate ' R' can be expressed as 


R = N log 2 M=N 1.443 In M (3.2.8) 

where 

1 

N = — is the signaling rate. 

A reasonable measure of bandwidth »B* in case of PSK can 
be expressed as \_22 ] 

B = N + (M-1) A f (3.2.9) 

where 

A f = A w/ 2% 

Thus , 


Jl 1 .443 I n M , - 

The argument of the exponent in equation (3.2.7) can 
now be written as 


JS 

2No 


(1- P) 



B R 


B f 


j-g(y)] 


y (|) [i-g(y)j 


( 3 . 2.11 ) 
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where y is average SNR in a bandwidth of B Hz and 


cr( v) - 2 % & f/N 

iAyJ ~ 2 it A f7N ~ 


where 



si n. 2 71 y 
2 it y 


( 3 . 2 , 12 ) 


Thus equation (3.2.7.) can be rewritten as 

-Y§[l-g(y)j 

le = e (3.2.13) 

With the help of equations (3.2.9) and (3-2.13) we can 
write 

| = 1 +( M-1 ) y = in _U [,.g(y)] - 1 (3-2.14) 


For a given Pe and y , M and y are related by the above 
expression. Using the value of 'M' in terms of y and g(y) 
from equations (3.2.14) into (3.2.10) yields 


| = 1^42 fl-g(y)*] In 



where 


, 1 
Y 


In 


1 

Pe 


(3.2.15) 


The above expression has to be maximised with respect to y. 
This is a single variable un-constrained optimization problem, 
Fibonacci ' s method of optimization has been used to find 
the optimum value of fi/B, corresponding to an optimum 
values of M and y . 
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The results have been exhibited, graphically and 
discussed at the end of the chapter (Section 3.5). 

3.3 Phase-Shift-Keying: 

Multiphase PSK signaling waveform at the receiver 
has the form 

s(t) = Y2S cos (w c t+0) (3.3.1) 

where 0 is the received signal power and 0 may have any value 
in the discrete set (~)k; k = 0,1,2...M-1. 

The total received signal at the receiver has the 

form 

r(t) = s(t) + n(t) 

- V*2d cos(w t+0)+x(t)cos(w t+0) 
w c 

-y(t) sinlw t +0) (3»3.2) 

c 

where x and y are low-pass noise components of n(t) with 

__ 

zero mean and power x = y = N. 

Our aim is to find the probability of error under 
optimum detection. As is evident from the discussions of 
Section 2.5«1»an error occurs if the phase of r(t), ©, is 
di stored beyond the region •^'.1® < ~jjj~ with the 
assumption that 0 = 0 has been transmitted. 
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Ihe probability density function of 0 is given 
by [25'] as 


r (©)* 


1_ 

2% 



1 + f 4it S/N cos 9 


S/M cos 2 © 
e 


JL_ 



cos© 


f £-x 2 /2 dx j 

— os — t 


(3.3.3) 

Hence the probability of error, Pe, is given by 
it/M 

Pe = 1 - / p(©) d© (3.3.4) 

-tc/M 

The equation (3-3.4) by using (3.3*3) can be expressed 
in closed form only for M=2 and 4. However an approximation 
valid for high SNR's given in [2} is sufficient for our 
purposes. Hence the probability of error under coherent 
optimum detection, Pec, is given by 

1 ec k e"*' sin2 * /M (3.3.5) 


where = S/N = SNR 


similarly it has been shown that if the signal is 
processed differentially, then at large SNRs .. , the 
probability of error, 'Ped*, for differentially detected 
multi-phase PSK is given by [21 as 


Ped X 


-2t sin 2 it/2M 

© 


(3.3.6) 
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Ihe only major difference between this signal set 
and ibK signal set is that here the bandwidth is independent 
of M. Hence ' M' is immediately determined by error rate 
and WNR using either eqn. (3.3.5) or eqn. (3.3.6). However 
wo can compare the efficiencies of the two systems operating 
at same error rates, SNR and bandwidth. 

The bandwidth associated with PSK is given by 

B = EN ; H = (3.3.7) 

where K is a constant which varies between 1 and 1 . 5 . 

The data rate per unit bandwidth associated with this 

set of signal is given by 

(R/B )0 = (3.3.8) 

for fixed error rates and SNR M is determined either 
from eqn. (3.3.5) or eqn. (3.3.6). This *M' is then used in 
eqn. (3.3.8) to calculate (R/B) 0 . 

The results have been shown graphically for both, 
coherent as well as for differential PSK in Section 3-5. 

3.4 Linear Modulation; 

An exact probability of error calculations for 
multi-level amplitude modulation (AM) in additive white Gaussian 
noise with a spectral density of No has been carried out in 
[2] . The probability of error ’Pea*, is given by 
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Peste (1- |) erfc (2J— )V2 

i'i^ "I 


where M = number of levels 

- - P -f = SNE 


s = Transmitted power 
T = bit duration 


(3.4.1) 


The bandwidth occupied by multi-level AM is 

B = K'l\l, N= (3.4.2) 

where J\. ' = 1/2 for single -side band (SSB) AM and K ' = 1 
for double side band (DSB) AM. In any practical linear 
modulation system j? <K* <1. 

The data rate per unit bandwidth, in this case, is 

given by 

(R/B) a = (UM-IjlaJL (3*4.3) 

The data rate per unit bandwidth calculations has 
been carried out for (a) SSS-AM and (b) DSB-AM. Here also 
we determine the value of M from Bqn. (5.4.1) for fixed 
values of Pe and SNR and use this value of M into Eqn. (3.4.3) 
to calculate the data rate per unit bandwidth. Care has 
been taken while calculating the value of M from eqn. (3*4.1) 
in case of SSB- AM because the value of SNR used must be 
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half to that of DSB-AM SNR. This is due to the fact that 
average SNR requirement of SSB-AM is half to that of 

BSB-AM. 

Finally all these results are compared with Shannon's 
capacity theorem which states that for additive band-limited 
Gaussian channel, the maximum bits per cycle achievable 

is given by 

(R/B) s = 1 .443 In (1 + y) (3.4.4) 

while the probability of error is vanishingly small. 

3.5 Results and Conclusions: 

The numerical results have been shown in Tables 

3.1 to 3.5* 

Conc l usions : 

Figure 3.1 exhibits data rate per unit bandwidth versus 
CNR , y , achievable for various systems. It is seen that 
most efficient system in terms of achieving data rate per 
unit bandwidth for fixed error rates and SNR is SSB-AM. It 
has the same slope as capacity curve. This is because the 
oSB-AM system has the least bandwidth occupancy and, therefore, 
can pump signals faster than any other systems. The data 
rate is directly proportional to the signaling rate and 
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Table .3*1 

Data Rates at Various SNRs for FSK Optimum detection 


SNR 

(dB) 


_2e = 10=^ 


Pe = 10” 

=sr 


Optimum 

levels 

•M* 

r7b 

Bits/S/Hz. 

b/n 

Optimum”’ 

levels 

r7b 

Bits/S/Hz 

b7n~ 

10 

6*478 

1 .005 

2.683 

7.638 

0.920 

3.190 

15 

7*803 

00 

K*\ 

• 

2.215 

7.380 

1.252 

2.303 

20 

10*061 

1 .708 

1.950 

9*404 

1.612 

2.007 

25 

13*454 

2.123 

1.766 

12.471 

2.015 

1 .807 

30 

18.551 

2.585 

1 .631 

17.082 

2.465 

1.661 

35 

26.192 

3.088 

1.526 

24.017 

2.959 

1.550 

40 

38*049 

3.630 

1 .446 

34.745 

3.492 

1 .446 





Table 3*. 

2 




Bata 

Rates 

at Various SNRs for 

PSK Coherent 

Detection 


SNR 

Pe = 10“ 6 


....... Pe = 

10*® 



Y 

No. ‘""of 

' Bata Rate, 

TrTbTF 

No. of 

Data Rat e # . (R/B)0 

(dB) 

levels 

M 

K=1 

K~1 . 

2 K=1 .5 

levels 

*M' 

K=1 

K=1 .2 

K=1 .5 

13 

3.20 

1 *68 

1 .40 

1 .12 

2.44 

1 .28 

1 .07 

0.86 

15 

4.35 

2.12 

1 .77 

1.41 

3.62 

1 .86 

1.55 

1 .24 

20 

8.25 

3.05 

2.54 

2.03 

7.08 

2.83 

2.35 

1 .88 

25 

14.93 

3.90 

3-25 

2.60 

12.89 

3.69 

3.07 

2.46 

30 

26.68 

4.74 

3.95 

3.16 

23,08 

4.53 

3.77 

3.02 

35 

37.51 

5.57 

4.64 

3.71 

44.14 

5.36 

4.47 

3-58 

40 

84.53 

6.40 

5.34 

4.27 

73.20 

6,20 

5.16 

4.13 
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Table 3.3 

Data Hates at Various SNRs for PSK Differential Detection 


SNR 

Y 

(dB) 

Pe = io‘ 

=5 


Pe 

= 10~ 8 



DO. Of 

levels 
'JV 

Data Rate.(R7BT0 

Jfo. of" 

Data Rate , 

UUbW 

K=1 

K=1 .2 

K=1 .5 

levels 

'M' 

K=1 

R=1 . 2 

K=1 .5 

13 

2.50 

1 .32 

1 .10 

0.88 

2.10 

1 .07 

0.89 

0.72 

15 

3.23 

1.69 

1 .41 

M3 

2.76 

1 .46 

1 .22 

0.98 

20 

5.91 

2.56 

2.14 

1 .71 

5.10 

2.35 

1 .96 

1.57 

25 

10.59 

3.41 

2.84 

2,27 

9.1 6 

3.20 

2.66 

2.13 

30 

18.89 

4.24 

3.53 

2.83 

16.35 

4.03 

3.36 

2.69 

35 

33.61 

5.07 

4.23 

3-38 

29.10 

4.86 

4.05 

3.24 

40 

59.78 

5.90 

4.92 

3.94 

51 .77 

5.70 

4.75 

3.80 


Table 3.4 


Data 

Rates at Various 

SNRs for SSB- 

-SC -AM 


mr 

Pe = 1C 

“ 6 . H ’= .5 „ 

Pe = 10* 8 . 

K * = .5 

Y 

(dB) 

No. of 'levels 

Data rate No. of levels 
(R/B) a 'M» 

D Sit St I* Sit© 

(R/ B) a 

15 

2.27 

2.37 

2.00 

2.00 

20 

3.72 

3.79 

3.21 

3.37 

25 

6,42 

5.36 

5.56 

4.92 

30 

11.28 

6.99 

9.64 

6.54 

35 

19.97 

8.64 

17.05 

8.19 

40 

35.45 

10.30 

32.26 

9.84 
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Table 3.5 


Data 

Rate s at 

Various SNRs 

for D3B-SC- 

-AM 

- 

SHE 

Be = 

10~ 6 , E« = 1 

.0 Pe = 

10~ 8 . K' s 

1 .0 Sbanon' s 

Y 

(dB) 

No- of 
levels 
’ M’ 

Data rate 
(H/E) a 

to. of 
levels 
•M’ 

Data rate 

(R/ B ) a 

" . capacity 
(R/B) g 

15 

3.03 

1 .60 

2.63 

1 .40 

3.46 

20 

5.15 

2.36 

4.42 

2.14 

5.03 

25 

9.00 

3.17 

7.70 

2.94 

6 . 66 

30 

15.40 

3.99 

13.58 

3.76 

8.31 

35 

28.21 

4.82 

24.08 

4.59 

9.97 

40 

50.11 

5.65 

42.77 

5.42 

1 1 . 63 




not to noise ratio If 




Bondwidh expansion factor B/N 



els y M 

factor B/N vs 
levels M in FSK 


Bandwidth expansion factor B/N 
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Bits per cycle R/B 



Fig. 3*5 Bit per cycle R/B vs SNR 

for optimised FSK ond _-g 
differential PM at P* = 10 
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also it varies logarithmically with the number of levels, 
therefore , system occupying greater bandwidth mast increase 
their number of levels exponentially to achieve an identical 
data rate. This in turn forces the slower signaling rate 
systems to increase their SNR in order to keep the proba- 
bility of error constant. 

At large SNRs, the PM optimum system is the most 
inefficient. At SNR < 1 2 dB, the differences are not that 
pronounced. The PM curves lie between SSB-AM and FM. This 
is due to the fact PM systems can utilise available bandwidth 
more efficiently than PM, yet not as efficiently as SSB-AM. 

The slope differential of SSB-AM and DSB-AM is a factor of 2. 
This is simply because the SSB-AM systems are twice as fast as 
DSBSC-AM systems. Since PM is also a DSB-system, it follows 
the same slope as DSB— AM, irrespective of detection mode. To 
achieve greater efficiency than SSB-.AM, coding must be 
employed. 

Figure 3.2 shows the number of levels M, or number 
of signals versus the SNR required to maintain a fixed 
probability of error for various systems considered. The 
number of levels associated with FSR systems are those 
which maximise the data rate per unit bandwidth. The fact 
that so many cross-error points occur, is attributed to the 
different way in which SNR varies with number of levels, so 
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as to maintain fixed error ratp +>, , . 

ur rate vm the respective systems) 

In AM and PM, y * M 2 bat in pqir v ^ m« u 

ln M Y * M where a > 2. This 

accounts for the sharre-i- ^ * 

snarper rise in M. for large SNR in 

I'M systems. 


Figure 3.3 shows a plot between B/N (bandwidth 
expansion factor) versus optimum number of levels for FSK 

system. It is seen that behaviour of B/N- is independent of 

error rates and B/N k (— i ~ & \n mu- - . 

/a * ' M } ; © >0. This explains the 

greater rise of <M' with SNR in PSK as compared to PM and AM 

systems at large SNR’s. 

B/N is a most important parameter in FSK, It is 
a measure of how much more bandwidth than that of base-band is 
is consumed. A graph is plotted in Pigure 3.4, between B/N 
versus SNR for two different error rates (10~^, 10~^), The 
range of variations is surprisingly small. At large SNR, 

B/N % 1 .5 while at Y k 10 dB, B/N k 2.5. 

Differential PM is a system most closely resembling PM. 
The two graphs in Figures 3*1 and 3.2 assume a bandwidth 
equal to signaling rate, N. But practical PM systems may 
require a greater bandwidth than N. In Figures 3.5 and 
3.6, plot of efficiency of differentially coherent PM using . 
bandwidth equal to KN, for K=i and E=1.5 versus SNR( Y ) is 
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given. On these curves number of levels required to achieve 
efficiencies is shown at certain SNRs* On the same figures 
optimised BSK curves have also been plotted. The plots have 
been made for two different probability of errors i.e. in 
Figure 3*5 ^'e = 10 ^ and in Figure 3.6, te = 10 Due to 
various approximations made for mathematical simplicity, data 

fs ***8 

SNR <12 dB at Pe = 10 and SNR <15 dB for Pe * 10~ may 

not be reliable. It is interesting to note that there is not 
much of difference in the efficiencies of FSK system and 
i BK system, occupying a BW = 1*5 N. A practical PM system 
can probabily be designed to operate at B=KN, where . 

1 <K <1.5. This would indicate that DISK is more efficient 
than PM at large SNRs. 



CHAPTER 4 

PERFORMANCE OP SYSTEMS UNDER RAYLEIGH FADING 

4.-i introduction % 

Till now we have discussed the performances of various 
digital modulation schemes under ideal conditions only. In 
this chapter, we shall study the effect of fading on the 
performances of these schemes*. 

In practical situations, the changing nature of the 
communication medium, for example ionosphere, causes the 
received signals to fade. Without going into mechanisms 
of fading, we shall assume that probability density function 
(pdf) of the fading envelope is that of Rayleigh\_5 ~i 

We carry out identical studies analogous to that done 

Rayleigh 

in Chapter 2. Under the assumption of £ behaviour 

of the channel, probabilities of errors are calculated. In 
doing so, we assume that the fading is non-s elective . For 
simplicity in arriving at results, we shall assume that 
ISI is zero. As before, we consider that the channel 
introduces only additive white Gaussian noise. In our study, 
we have confined ourselves to slow fading only. 

4.2.1 OOK: Non-coherent detect! onf5^ 

Under the assumption that a T (Mark) is transmitted, 
the ■ envelope of signal, u, at the filter at. the sampling 
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interval is a random variable with a .Rayleigh pdf given 

by 2 

_ u 

f(u) = ~ e V* ; 0<u<« (4.2,1) 

u o 

where 


2 . 2 

u o = ^ [ u ~J is the mean square value of u averaged over 

the entire fading range. The filter output noise intensity 
at every sampling instant is still N, unchanged from pulse 
to pulse. Hence SNR at sampling instant is given as 



( 4 . 2 . 2 ) 


Hence Y is a random variable from pulse to pulse. With 

equation (4.2.1) and u as a constant, pdf of y is the 

exponential distribution. 

JL 

Y 

p(y) ss — - — e 0 ; 0 <,Y < 00 (4.2.3) 

Y 0 

where 

u 2 

Y 0 *E[y1--2 3T (4.2.4) 

For a fixed threshold 'b* normalised to K as 


bo = 



( 4 . 2 . 5 ) 


the conditional probability of error for each decision 

is given by 
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l e l Y > = 5 [ i-Q(TTt . toff + 1 e" b ° 2/2 

( 4 . 2 . 6 ) 

Therefore the average probability of error is given 

by 

OO 

le = / Pe( y ) p( y ) dv (4.2.7) 

o 

substituting the values of Pe(Y)and p( y )into equation 
(4-2.7) and carrying out the integration we get. 


Pe 


1 

2 


1-exp(-bov2, 


1+ Y, 


) J + i exp (-bo 2 /2) 


( 4 . 2 . 8 ) 


The optimum threshold, bo, can be found found by differen- 
tiating equation (4.2.8) with respect to bo and equating it 

to zero. This yields 


bo = f2(1+ ) In (1 + v ) (4.2.9) 

’ o u 

At large SMs and under the optimum threshold, 

i * ILn 

Pe % | ’—yf (4.2.10) 

With Kay leigh fading covering the entire range of 
values (0, <» ) , no fixed threshold can properly discriminate 
signals (Mark) from noise (space) over variety of levels. 
Therefore , under the assumption of sufficiently slow fading. 
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one might consider the possibility of continuously adjusting 
the threshold at each instant to the optimum value (minimum 
probability of error) corresponding to the fading level at 
that instant. Then Pe is given by equation (4*2.7) where 
Pe( y ) is given by equation (4.2.6) and bo is to be obtained 
from 

e“ Y Io (bo f2y ) = 1 (4.2.11) 

At high Sffls, see equation (2.2.8) 
bo l f 772" 

For this value of bo it has been shown \ 5 1 that the curve 
of Pe versus SNR ( Y Q ) approaches 

Pe £ (4.2.12) 

Y o 

SNR calcu lations : 

O ptimum fixed thresho ld: 

Using equation (4.2.10) we get for 

Pe = 10~ 2 , y 0 = 21 .6 dB 

and for Pe = 10 ^ , y 0 = 44.35 dB 

Optimum variable threshol d : 

Using equation (4.2.12), we get 

for Pe = 10~ 2 , y q = 19.1 dB 

and for Pe = 10~^ , Y 0 = 39.1 dB 
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Comparing the figures for SITRs in case of optimum 
fixed threshold and optimum variable threshold in 00K 
non-coherent scheme, it is found that latter has an 
advantage of 2.5 dB at P e = 10“ 2 and 5.25 dB at Pe = 10~ 4 . 

4.2.3 00K: Coherent detection [ 5 1 

Since optimum variable threshold gives a better 
performance than optimum fixed threshold, we shall discuss 
only the former for the coherent case, here. 

I'he conditional probability of error dependent on ^ 
in case of coherent 00K detection is given by equation 

( 2. 2 . 4 ) as 


Pe( v ) = \ erfc (fY /2) (4.2.12) 

given 

Hence average probability ' of error is /by equation (4.2.7). 
substituting bhe values of Pe( Y ) and p( y ) from equations 
(4.2.12) and (4.2.3) into equation (4.2*7) respectively 

and solving, we get 


Pe 



1 1 +4/ y 0 


At high SHRs, 


Pp V 

**■* V f\j y 

o 


( 4 . 2 . 13 ) 


(4.2.14) 
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SNRs per bit required to achieve various bit error rates 
have been shown in Table 4.2. 

4.3.1 BFSK: Coherent detection IjQ 

The conditional probability of error for BFSK coherent 
detection is given by equation (2.3.2) as 

Pe( Y ) = \ erfc (f“) (4-3.1) 

Substituting the values of Pe( y ) and p( y ) from equations 
(4.3.1) and (4.2.3) respectively into equation (4.2.7) and 
solving, we get the average probability of error, Pe, as 

Pe = w ( 1 - ) (4.3.2) 

T o 

At high SNR, 

Pe £ 5 ~i~ (4.3.3) 

c o 

SNRs per bit required to achieve various bit error rates 
have been shown in Table 4.2. 

4.3.2 BFSK; Non-coherent detection £51 

Here the conditional probability of error is given 
by equation (2.3.3) as 

Ee(v) = \ e - T/2 (4.5.4) 



Substituting the values of Pe( Y ) and p( Y ) from 
equations (4.3.4) and (4.2.3) into equation (4.2.7) 
respectively and solving, we get 

Pe = -J (4-3.5) 

T o 

At high SHRs , 

Pe oc (4*3*6) 

o 

SI'TRs per bit required to achieve various bit error rates 
have been shown in Table 4*2. 

4.4.1 BPSK: Ideal coherent detection ^5} 

The conditional probability of error is given by 
equation (2.4.2) as, 

Pe( y) = j erfc ( if y) (4.4.1) 


Substituting the above value of Pe( y) and the value of p( y) 
from equation (4.2.3) into equation (4.2.7) and carrying out 
the integration, one gets 


Pe = p ( 1 


1 


f 1+ 7 

T o 


(4.4.2) 


At high SNRs , 
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SNRs per bit required to achieve various bit error rates 
have been shown in Table 4,2. 

4.4.2 DPBK [_5j : 

Here Pe( Y ) is given by equation (2.4.3) as 

Pe( y ) = 1 e~ Y (4.4.4) 

The average probability of error is then obtained by solving 
equation (4.2.7) by using the values of Pe( Y ) and p( Y ) 
from equations (4.4.4) and (4.2.3) respectively and is given 

by 

p e = 272~q?v (4.4.5) 

At high SNR, 

Pe % ~ (4,4.6) 

SNRs per bit required to achieve various bit error rates 
have been shown in Table 4.2. f 

I 

4.5 MSK(h = .5) and OK-QPSE: | 

Under the assumption of Chapter 2.6, the average 

bit probability of error in case of MSK and OK-OPSK would be 
as 

same /.BP SK coherent detection under Rayleigh -fading. 
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4.6,1 Multiphase PSK: coherent detection \_20~J 

The PS K signal- suffering from slow fading can be 
written as 


s(t) - R(t) cos [w c t + 1>(t) +0(t)^} 

= R(t) cos | w c t + X(t)~l ^ 

where 

w c ~ angular carrier frequency 
R(f) = fading envelope 
(t) = random phase due to fading 

0(t) = digital phase modulating signal. 

Let the. noise, n(t), be AWGN then., 

n(t) = x(t) cosl"w c t+ X(t)J -y (t) sin £v c t + X(t)J 


(4.6,2) 

where x(t) end y(t) are in phase and quadrature components 
of n(t). Then, the input to detector is given by 

s(t)+n(t) = f U(t)+x(t)j 2 + y 2 ( t) .cos [w c t+X(t) + ©(t)] 

(4.6.5) 

where 8(t) = tan 1 ; _ n < e < „ (4.6.4) 

For a coherent detection scheme with *(t) as reference phass 
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available, the output from the detector can be written as 

0* (t) = X(t) + 0(t) - ’l’(t) 0(t)+ 9(t) (4.6.5) 

Hence the detection error is dependent on 0(t) i.e. the 
composite phase of signal and noise given by equation (4.6.4) 

Characteriza tion of Q(t) conditional on R(t) : 

The conditional p.d.f . of © conditional on B, 
f(0/R), is given by equation (3.3*3) as 


f(G/R) 


_ e~ R / 2 N , R cos Q -R 2 sin 2 ©/2H 


2 it 


2f2 n N 


\l + erf (&-££§& )1 (4.6.7) 

L vow J 


L "" ' f2N 

-where 14 is the noise power aid erf (x) = error function 


2 

fit 


S dt 


The probability of error for M-phase PSK conditional 
on R is thus given by equation (3.3*4) as 

ic/M 

Pe(R) = 1 - / f (0/R) d© (4.6.8) 

- ic/M 


The pdf of fading envelope R(t) is given as 


P(R) 


2R 


“R 2 / 0 


(4.6.9) 
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where, 

- 2l 

Q = E : j.E „i is the mean square value of R. 

The average probability of error for M-phase PSK can now be 
written as 


Pe = / Pe(R) p(R) dR 

o 

n/E 

= 1 - f p(©)d© 
-It/M 


( 4 . 6 . 10 ) 


where , 


p(0) = S f(©lR) P(R) dR 
o 


(4.6.1 1 ) 


The value of p(©) has been evaluated in closed 
form and is given by [j2CQ as 


p(e)= 


r [it r y o cose 


2 it 


Y cos 9 


(l+YiTsin^©) 


in 2 si 3 7r" + rriig f<1,1, 2 ! i+ ) - 

( 4 . 6 . 12 ) 


where 


Yq = 2F~ 


a = me an SIR and 3? ) is the hype r- 


geometric function defined as 


P(a, p , y :Z) = l 

n=o 


(a) (p) 7 n 

CyT nT 

\ W n 


(4.6.13) 
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Table 4.1 

Probability of error for multiphase PSK 


SNR 

Y 

0 

dB 


Probability 

of error Pe 


M = 2 

II 

s 

CD 

1! 

M=1 6 

0 

1 .4 64x1 o" 1 

3. 650x1 O*" 1 

6.153X10" 1 

7.950X10"" 1 

5 

6.41 8x1 0~ 2 

1 .932x1 0" 1 

4. 2 60x1 0” 1 

6.666x10 ^ 

10 

2.326x1 O’ 2 

7«857x10~ 2 

2.251x1 0"* 1 

4.729x1 O” 1 

15 

7. 723x1 0~ 3 

2. 788x1 0" 2 

9.1 80x1 0~ 2 

2. 603x1 0 _1 

20 

2.481x10~ 3 

8.949x1 0*" 3 

3. 20 6x1 0~ 2 

1 .098x1 O* 1 

25 

7.886x1 O” 4 

2.860X10" 5 

1 .049x1 0~ 2 

3.905x1 0~ 2 

30 

2. 498x1- O" 4 

9.077x1 0” 4 

3.354x10“ 3 

1. 286x1 0~ 2 

35 

7.903x1 0~ 5 

2.873x1 0~ 4 

1 .064x10“ 3 

4.121x10~ 3 

40 

2.499x1 0“* 5 

9.090x1 0“ 5 

3* 369x1 0~ 4 

1 . 309x1 0~ 3 

45 

7.905x10“ 6 

2,.875x10~ 5 

1 .066x1 0*~ 4 

4. 145x1 0~ 4 

50 

2.499x10” 6 

9.093x10” 6 

3.370x1 0“ 5 

1 .31 1 xl 0~ 4 

55 

7.905x1 0“ 7 

2.877x10' 6 

1 .065x10“ 5 

4.1 46x1 0~ 5 

60 

2. 499x1 0~ 7 

9.1 37x1 O” 7 

3.365x10~ 6 

1.311x10~ 5 



Average probability of error , Pe 


M *N0 OF PHASES 


M s?$ 
Ms 8 
M . 4 
Ms 2 


7Z ±: ± i — * i j 

;° 2 0 30 40 50 60 

Mean signal to noise ratio t 9 In dfi 

Dc r J ornn 3 nce « 0 t multi -phase coherent 
PSK under Raleigh fading 
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0 

now let P(0) = / p(©) d© ; 0 < 0 < rc/2 

o 

Then 


(4.6.14) 


Pe = 1-2 P(ic /M) (4.6.15) 

The average probability of error, Pe, is now given ]^2d] as 

r 


Pe = 1 


, i if y sin %/E „ , — V~ 

~ + f + si n ~ Of 7~~~ cos it/M)) 

% L M f 1 +Y 0 sin* %/E 2 1 + Y o 


( 4 . 6 . 16 ) 


Results: 


A graph has been plotted in Pigure 4.1 between Pe and 

the mean SNR y 0 for M=2,4,8 and 16. It is observed that the 
become 

curves/_straight lines at high SNRs. 

Por calculations of SNRs, the symbol error rates have 
been converted to bit error rates and symbol SNRs to bit 
SNRs. The actual values of bit SNRs required to achieve bit 
error rates of 10 and 10 -4 have been shown in Table 4.2. 

The criterion used to convert symbol error rates to bit error 
rates and symbol SNRs to bit SNRs has been assumed to be same 
as in Chapter 2, Section 2.5. The values have been taken 
from the graph shown in Pigure 4.1. 

4.6.2 Multiphase PSK: Differential detections: 

The exact evaluation of probability of error in case 
of M-aray DISK in a closed form is not mathematically viable. 
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However, we can utilise the value of conditional probability 
of error Pe( y), given by equation (2.5.17) which is accurate 
at high SFR for calculation of average probability of error 
for M~ary DPSK case, Pe ( y ) is given as 


Pe( Y ) = erfc (V"2 y sin it/2M) 


(4,6.17) 


The average probability of error is then obtained by- 
evaluating equation (4.2.7) by the help of equations (4. 6. 17) 
and (4.2.3) and is given by 


Pe = 1 


1 


fl + 2~- 

2 Y 0 sin^ %/ 2M 


(4.6.18) 


At high SFRs , 


1 


Pe * rv~Si5?V2M 

Por 4 phase PSK (DOPSK), above can be simplified as 


(4.6.19) 


Pe * 1*222 
Y 0 


( 4 . 6 . 20 ) 


The SFRs per bit required to achieve bit errors rates 
of 10 ^ and 10**^ have been shown in Table 4.2. The criterion 
used to convert symbol error rates to bit error rates and 
symbol SFRs to bit SFRs has been assumed to be same as in 
Chapter 2, Section 2.5. 
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4.7 Comparison of modulation schemes under the. effect of 
Rayleigh fading: 


Table 4.2 

Performance of representative modulation schemes 
on Raleigh fading channel 


Average mean SNR Average mean SNR 
per bit y Q in dB per bit y 0 in 

(Pe=10~ 2 ) (Pe*10~ 4 ) 


00K: coherent 
detection 

17* 

37 * 

00K : Non-coherent 
detect! on 

19.1 * 

* 

39.1 

EFSK: coherent 
detecti on 

20 

40 

BFSK: non-coherent 
detection 

17 

37 

MSK( h = .5) 

14 

34 

BPSK 

14 

34 

DPSK 

17 

37 

QPSK 

13.5 

33.5 

8-PSK 

15.5 

35.5 

1 6-PSK 

19 

39 

DQPSK 

16.3 

36.5 

OK-OPSK 

14 

34 


■Mr 

Assumes variable optimum threshold. 
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Table 4.2 has been prepared to portray the significant 
differences in SNRs needed for various BERs under the effect of 
Rayleigh fading. Because of the severe effects of the 
fading, bit error rates (BBRs) of 10"”^ and 10~^ have been 
assumed for SNR calculations* The symbol error rates have 
been converted to bit error rates and SNRs required for various 
BERs have been converted to bit SNRs for comparison - purposes . 
Comparing Tables 2*4 and 4*2, it is seen that values .of 
Table 4.2 are weighted averages of ideal performance values. 

The relative performance of the scheme does not differ 
markedly from that indicated in Table 2.4* The effect of 

-4 

fading is so severe that to achieve a bit error rate of 10 
in EPSK case, the SNR required is 34 dB; an increase of 
approximately 25.6 dB. No practical digital modulation 
scheme can afford either this increase in signal power or 
can work at error rate of 10 . This problem can be solved 

by using some techniques which reduce the effect of fading. 
Diversity combining techniques is one of the schemes. We 
shall very briefly discuss some diversity techniques in 
the next chapter. 



CHAPTER 5 


PERFORMANCE OF ST STEMS UNDER LINEAR DIVERSITY 
COMBINING TECHNIQUES 

5.1 INTRODUCTION 

In the previous chapter, we have seen that severe 
degradation in the performance of digital systems caused hy 
Rayleigh fading. The degradation is of the order of tens 
of decibels of SNR for the same bit error rates. To overcome 
this difficulty, one has to increase the transmitted power, 
antenna size etc. But any arbitrary increase of these 
parameters is severely constrained due to practical limitations 
and economic viability. As such any alternate technique which 
overcome (or diminish) the effect of fading is particularly 
attractive . 

Diversity is one of such techniques which is corn only 
used. In practical situations, the transmitted signal 
arrives at the receiver via multiple paths (branch), the 
signals on each path containing a fraction of total 

. # 

transmitted power. Since fading does not degrade signals on 
all paths simultaneously, these multiple received signals can 
be combined and processed to overcome the effect of fading. 
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We shall confine ourselves with linear diversity combining 
techniques only where relatively simple weighted linear 
sum of multiple received signals are processed for decision 
making. 

Our aim is to calculate the probability of error for 
various digital systems under diversity combining technique. 
Depending upon the combining techniques, the probability of 
error calculations will vary. The probability of error 
calculations have been carried out only for maximal ratio 
combining technique which is the most general case of linear 
combining techniques. 

Maximal ratio combining : 

Let V k (t) denote the total envelope of the signal 
corresponding to the kth path of the receiver. Then the 
most general linear combining results in an output given as 

M 

v(t) = z c< v fe (t) (5.1 -1 ) 

k=1 

where M is the number of diversity branches - and are 

complex weighting factors which are changed according to the 
branch signals. These are called the combiner weighting 
factors. Selector combining is a particular case of 
maximal ratio combining where at any instant, all are 
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zero except for the branch with largest SNR where it is 
some arbitrary constant. Selector combining involves 
transients due to switching \_5 1 , Thus there are practical 
reasons for designing a combiner in which vary more 

gradually with signal fading- so that abrupt switching 
is avoided. 


In equal gain combining technique, the weighting 
factors have opposite phases to that of the signals in 
the respective branches, but all have equal magnitudes. 

Hence the name, equal gain combining. This method also 
provides an effective diversity performance. The performance 
here is definitely not as good a-s maximal ratio combining 
which requires a major effort in instrumentation to achieve 
the correct weighting factors, but good enough taking into 
account the simplicity in instrumentation. 

Probability density function (pdf) of y over short term fading 
for equal branch SNRs • 


Let denote the instantaneous signal to noise 
ratio in the kth receiver . Assuming Rayleigh pdf , one can 
write the pdf of y^. as 


P< = 



e 


** v / r 

k ; k 


( 5.1 . 2 ) 


where = E ^y^ is the average mean square SNR in -the 
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kth receiver ('branch). An optimal maximal ratio combining 
results in an instantaneous output SKR (Y) which is the sum 
of instantaneous SKRs on the individual branches. Thus 

M 

Y= Z y. (5.1.3) 

k=1 K 

Assuming y^ to be independently and exponentially 
distributed and the fact that y and are all positive 

real* pdf of Y is given by 5 as 

i _ Y /r 

p(y) = -pf ^ShTi 6 (5.1.4) 

where r = r. . 

k 

¥e shall utilise equation (5*1.4) for the calculation 
of probability of error for various digital systems. Our 
approach in calculating the probability of error is same as 
that adopted in previous chapter. 

5.2.1 BPSK: Coherent detection T„5l 

The probability of error given by equation (2.3*2) 
is now conditional on y and can be written as 

Pe (y) = \ erfc OTy/2) (5.2.1) 

Therefore the average probability of error can be 
obtained by averaging Pe(y) over the entire range of y(0,oo ). 
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Table 5*1 

Probabilities of errors at various SIffis for FSK: 

coherent detection 


SHH ' Probabil ity of error. Pe 


r 

(dB) 

Ho. of diversity 
branches (M)=2 

Ho. of diversity 
branches (M)=4 

0 

1 .138x1 o" 1 

3.985x10” 2 

2 

7.441x10~ 2 

2. 109x1 O' 2 

4 

4.3l7x10~ 2 

7. 676x1 0~ 3 

6 

2. 350x1 0~ 2 

2. 222x1 0" 3 

8 

1 . 1 73x1 0~ 2 

5.876x1 O'" 4 

10 

5. 476x1 0~ 3 

1 . 329 x 1 0“ 4 

1 2 

2.427xl0~ 3 

2.657X10” 5 

14 

1 .037x10~ 3 

4.893x1 0~ 6 

16 

4.327x1 0" 4 

8.541xlO“ 7 

18 

1 . 775x1 0~ 4 

1 .440x1 0“ 7 

20 

7.203x1 0“ 5 

2.373x1 O'" 8 

22 

2.902x10“ 5 

3.857x10“ 9 

24 

1.1 64x1 0" 5 

6.210x10~ 10 

25 

7.368x10~ 6 

2. 486x1 0“ 10 




Mtan SNR an *oeh branch T In dB 

Fig, 5*1 Performance of FSK under diversity 
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Thus 

oo 

Pe = / | erfc {^ 7 / 2 ) p(Y) dY (5.2.2) 

o 

where p(y) Is given by equation (5.1.4). A closed form evaluati 
of equation (5.2.25) is not possible. However the integral 
has been numerically evaluated for values of M=2 and 4. 

Table 5.1 shows the results of numerical calculations 
where average probabilities of errors have calculated for 
various SNRs for values of M=2 and 4* Graphs have been shown 
in Figure 5.1 between average probability of error (Pe) and 
mean SER (r) of each diversity branch. 

The SHRs per bit required to achieve bit error rates 
-2 -4 -6 

of 10 ,10 and 10 have been shown in Tables 5*7 and 

5.8 for M=2 and 4 respectively. 

5.2.2 BFSK: Envelope detec tion j^5 1 

The conditional probability of error is given here 
by equation (2.3.3) as 

Pe (y) = ~ e~ Y/2 (5-2.3) 

Therefore the average probability of error is given by 


OO 

=/ 2 
o 



(5.2.4) 


p(y) dY 



Table 5.2 


Probabilities of errors at various SNRs for PSK: 

N on-coherent detection 


SNR 

Probability 

of error* Pe 

(IB) 

No. of diver si ty 
branches (M)=2 

No. of diversity 
branches (M)=4 

0 

2.222X10" 1 

9.876x1 0”* 2 

2 

1 .556x1 O'” 1 

4. 843x1 0“ 2 

4 

9.824x10~ 2 

1,930x10** 2 

6 

5.590x1 0" 2 

6.251 x10~ 3 

8 

2.896x1 0 - * 2 

1 .677x1 0“ 3 

10 

1 . 588x1 0~ 2 

3,858xl0“ 4 

1 2 

6.277x1 0~ 3 

7,882x1 O’” 5 

14 

2.7l9x10~ 3 

1 .479x1 O*" 5 

16 

1 . 1 44x10~ 3 

2.61 7xlC" 6 

18 

4. 71 9x10*“ 4 

4.455x10~ 7 

20 

1 .922x1 0~ 4 

7,390x1 0“ 8 

22 

7.764x1 Q~ 5 

1.205x1 0“ 8 

24 

3.119x1 0~ 5 

1 .946x10“ 9 

25 

1. 974x1 0“ 5 

7.800x10~ 10 
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Substituting the value of p(y) 
equation (5.2,4) and solving, 


Pe 


1 

2 


1 


( 1 + ~2 ) 


M 


from equation (5.1.4) into 
we get 


(5.2.5) 


Table 5.2 shows the results of numerical calculations 
for values of M=?2 and 4 where probabilities of errors have 
been calculated for various values of mean SNR ( r ). Graphs 
have been shown in Pig. 5.1 between Pe and r for values of 
M=2 and 4.. 

to 

The SNRs per bit required /achieve bit error rates of 
10 10 ^ and 10~^ have been shown in Tables 5.7 and 5.8 

for M=2 and 4 respectively, 

5^3,1 BPSK: Ideal coherent detection £ 5 ! 

In this case, the conditional probability of error is 
given by equation (2.4.2) as 

Pe(Y) = erfc (]fr ) (5.5.1) 

Hence the average probability of error is given as 
00 1 

Pe = / \ erfc (fv). p(y) y (5.3.2) 

o 

where p(y) is given by equation (5.1.4). 
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Table 5.3 

Probabilities of errors at various SNRs for 
Differential PSK 


SNR 

Probability 

of error* Pe 

r 

(dB) 

No. of diversity 
branches (M)=2 

No. of” diversity 
branches (M)=4 

0 

1. 250x1 0" 1 

3.1 25x1 O' 2 

2 

7.483x1 0 -2 

i .ii9xio~ 2 

4 

4.054x1 0“ 2 

3. 287x1 0“ 3 

6 

2.01 5x10~ 2 

8.1 22x10** 4 

8 

9. 358x1 0~ 3 

1 .7.51x1 O' 4 

10 

4.132x10' 3 

3.415x10“ 5 

12 

1 .761x1 0" 3 

6. 204x1 O' 6 

* 14 

7.329x10~ 4 

1 .074x1 O' 6 

16 

3.002x1 O' 4 

1 .802x1 O' 7 

18 

1 .217x1 O' 4 

2. 962x1 0 - * 8 

20 

4.901xl0” 5 

4.804x1 0“ 9 

22 

1 .965x10* 5 

7.727xlO~ 10 

24 

7.86lx10“ 6 

1 .236x1 O’* 10 

25 

4.968x1 O' 6 

4. 937x1 O*” 1 1 
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Equation (5*3*2) is essentially same as equation 
(5*2.2) except that y is modified here by a factor of 2. 

As such results obtained for HFSK coherent scheme will be 
obtained here also but at 5 dB lower values of r . 

The values of bit SNHs required to achieve bit error 
rates of 10 ^ , 10 ^ and 10 ^ have been shown in Tables 5*7 
and 5.8 to be exactly 3dB lesser than that of BFSK coherent 
ache me . 

5*3*2 DPSK \ 5 \ 

The conditional probability of error is given here 

by equation (2.4*3) as 

Pe(y) = \ e rY (5*3*3) 

The average probability of error is therefore, given as 

*e = / \ e” Y p( y ) dY (5*3*4) 

o 

Solving equation (5*3*4) by substituting the value of p(y) 
from equation (5-1.4) yields 

Pe = i — 1 v (5*3*5) 

* (1+P ) M 

Table 5*3 shows the results of numerical calculations 
where values of Pe have been calculated at various values of 
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r for M = 2 and 4. A comparison of Tables 5.2 and 5.5 
shows that DPSK gives a 5 dB better performance than EFSK 
non-coherent scheme. 

The SIBs per bit required to achieve bit error rates 

mm.0 —A f\ 

of 10~ , icf* and 10"° have been shown in Tables 5.7 and 
5.8 for M=2 and 4 respectively. 

5.4 OOK: Coherent detection \_5~} 

The conditional probability of error, here, is given 
by equation (2.2.4) as 

Pe( y) = \ erfc (JC|-) (5-4.1) 

Hence there average of probability of error is given by 

Pe = J ~ erfc (~^~~) p(y) dy (5.4.2) 

o 

Equations (5.4.2) and (5*2.2) are essentially same except 
that y has been modified here by a factor of 1/2. As such 
results obtained for BFSK coherent scheme will be achieved 
here also but at 5 dB higher values of average mean SNR ( r ). 

The SMBs per bit required to achieve bit error rates 
of 10~^, 10" 4 and 10~^ have been ' shown in Tables 5.7 and 5.8 
for values of 11=2 and 4 respectively. 
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5.5 Multiphase PSK: Coherent detection 

The expression for conditional probability of error 
given by equation' (3.3*4) in case of multiphase PSK is very 
complicated in itself. To use this for calculating the 
average probability of error by multiplying it with the 
value of p(y) given by equation (5.1.4) and then integrating 
the resultant expression over the entire range of y(0,oo) # 
does not seem to be mathematically viable for closed form 
expression. However a simple but approximate formula for 
conditional probability of error for L-phase PSK is known 
which can be used to calculate the average probability of 
error. The approximate conditional probability of error is given 
by Eqn. (2.5.13) which is quite accurate for values of 
I> .> 4. As, a simple but exact expression for conditional 
probability of error given by equation (2.5.15) in case of 
4-phase PSK (QPSK) is known, we can use this expression for 
calculating the average probability of error. Thus errors 
figure only in case of L=8 and 1 6. Bit at these values of L, 
errors are insignificant for our purposes as the expression 
given by equation (2.5.13) is quite accurate for these values 
of L . 

4 - Phase PSK (QP SK) 

The conditional probability of error is given by 
equation (2.5.15) as 
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Table 5.4 

Probabilities of errors at various SNRs for QPSK 


SNR 

Probability of 

error, Pe 

(dB) 

No. of diversity 
branches (M)=2 

No. of diversity 
branches (M)«4 

0 

2.077x1 0“* 

7.8l9x10~ 2 

2 

1 . 380x1 0- 1 

4.1 42x1 0~ 2 

4 

8.273x10~ 2 

1.509x10~ 2 

6 

4.497x1 0~ 2 

4. 380x1 O" 5 

8 

2. 243x1 0" 2 

1.1 70x1 0~ 3 

10 

1 .044x1 0** 2 

2.648x1 O' 4 

12 

4. 620x1 0“ 3 

5.293x10“ 5 

14 

1 .971x10“ 3 

9. 748x1 O” 6 

16 

8.207x1 0~ 4 

1 .701 xlO~ 6 

18 

3. 3 62x1 0” 4 

2.869xlO~ 7 

20 

1. 363x1 0“ 4 

4.729x10“ 8 

22 

5.492x1 0“ 5 

7. 685x1 O’* 9 

24 

2.202x10“ 5 

1 .237x1 0“ 9 

26 

8.810x10~ 6 


28 

3.517x1 0~ 6 

- 

30 

1 .403x10~ 6 

_ 



Average probability of error 
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Pe(v) = erfc (fY/2) [l-l/4 erfc(fV2)J (5-5,1) 

Therefore the average probability of error is given by 

OO 

Pe = S Pe(y ) p(y) dY (5.5-2) 

0 

■where p(y) is given by equation (5.1.4). 

Table 5.4 shows the results of numerical calculations 
where symbol error probabilities have been calculated for 
various values of symbol Sl'Rs for values of M=2 and 4. 
Graphs have been plotted between Pe and 7 for values of M-2 
and 4 and shown in Pigure 5.2. 

Tables 5-7 and 5.8 show the values of &NRs per bit 

-2 -4 -6 

required to achieve bit error rates of 10 ,10 and 10 

for M=2 and M=4 respectively. 

8 and 1 6- ph a se PSK : 

The conditional probability of error, here, is given 
by equati on (2.5.13) as 

Pe(r) = erfc (fy sin n/L) (5.5.3) 

Therefore the average probability of error is given by 

Pe = / erfc(Yysin tt/L) p(y) dY (5.5.4) 

0 
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Table 5*5 

Probabilities of errors at various SNRs for 8-phase PSK 


SNR Probability of error, Pe 

r No. of diversity No. of diversity 

(dB) branches (M)=2 branches (M)~4 


6 

1 .920x1 O' 1 

7.082x1 0~ 2 

8 

1 . 240x1 0" 1 

2. 756x1 0~ 2 

10 

7.1 78x1 0” 2 

9.1 62x1 0“ 5 

12 

3.779x1 0~ 2 

2. 585x1 0“ 3 

14 

1 .838x1 0~ 2 

6.255x10~ 4 

16 

8.410x10~ 5 

1 .332x1 0“ 4 

18 

3.675x10~ 3 

2.581xlO“ 5 

20 

1 .555x10”^ 

4.669x1 0~ 6 

22 

6. 44 5x1 O" 4 

8.066x10 7 

24 

2. 632x1 0~ 4 

1 .35tx10~ 7 

26 

1, 065x1 0~ 4 

2.21 8x1 0” 8 

28 

4. 284x1 O* 5 

3. 596x1 O" 9 

50 

1 .71 6x1 O’* 5 

5.781 x10*“ 10 



Table 5.6 


Probabilities of errors at various SNRs for 
1 6- phase P8K 


SNR 

Probability of 

error, Pe 

(dB) 

No, of diversity 1 ' 
branches ( M) =2 

No. of diversity- 
branches (M)=4 

6 


3.61 6x1 G*" 1 

8 

— 

2.390x1 O" 1 

10 

2. 51 4x1 o” 1 

1 .3 58x1 0”* 1 

12 

1.856X10" 1 

6,201 x10~ 2 

14 

1 .192x1 O* 1 

2 . 462 x 10*” 2 

16 

6.855x10~ 2 

8.276x1 0~ 3 

18 

3.588x1 O’* 2 

2. 330x1 O" 3 

20 

1 . 737x1 0~ 2 

5. 598x1 0~ 4 

22 

7.91 8x1 O” 3 

1 ,184xl0" 4 

24 

3.451 xio” 3 

2. 280x1 0~ 5 

26 

1 . 458x1 0~ 3 

4.1 07x1 0~ 6 

28 

6.034xl0~ 4 

7.075x1 0" 7 

30 

2.462x1 O” 4 

1 .182x1 0“ 7 

32 

9.960x1 0~ 3 

- 

34 

4.005x10~ 5 

* 

36 

1 . 604x1 0~ 5 

- 

38 

6.414x1 0~ 6 


40 

2. 560x1 0~ 6 





Fig* 5 *3 Performance of multi -phase coherent 
PSK under diversity 
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where p(Y) is given by equation (5*1.4). 

Tables 5.5 and 5.6 show the results of numerical 
calculations where average probabilities of errors have 
been calculated for various values of symbol SNRs (T) at 
values of M=2 and 4 for 8 and 16 phase P8K respectively. 
Graphs have been shown in Figure 5.5 between Pe and r for 
8 and 16 phase PSK at M=2 and 4. 

Tables 5.7 and 5.8 show the values of SNRs per bit 

-2 -4 -6 

required to achieve bit error rates of 10 ,10 and 10 

for values of M=2 and 4 respectively. 

The criterion used to convert symbol error rates to 
bit error rates and symbol SNRs to bit SNRs for multiphase 
PSK here also has been assumed to be same as in Chapter 2. 

5.6 MSK and OK-QPSK: 

Under the assumptions of coherent detection and 
assumptions made in Chapter 2 Section 2.6, the conditional 
bit error rate for MSK and OK-QPSK is same as BPSK coherent 
detection. Therefore the average probability of error 
will be same for these two system as BPSK. 

5.7 Comparison of various digital systems under linear 
diversity combining techniques: 

Tables 5.7 and 5.8 have been prepared to portray 
the performances of various digital modulation schemes under 
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Table 5.7 

Performance of representative digital modulation 
schemes under maximal ratio combining 


Modulation 

sch ernes 

Average mean SWR (r) in dB 

Wo. of diversity branches 
(M) = 2 


-2 

Pe=1 0 

Pe=10~ 4 

Pe=10" 8 

00K: coherent 
detection 

8.4 

19.2 

29.6 

FSK: coherent 
detecti on 

8.4 

19.2 

29.6 

FSK: Won-coherent 
detection 

10.8 

21 .4 

31 .5 

BPSK 

5.4 

1 6.2 

26.3 

DPSK 

7.8 

18.4 

28.5 

MSK (h = .5) 

5.4 

16.2 

26.3 

OK-QPSK 

5.4 

16.2 

26.3 

QpSK 

5.4 

16.2 

26.3 

8-PSK 

7.93 

19.03 

29.23 

1 6-PSK 

11 .68 

22.98 

32.98 
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Table 5.8 

Performance of representative digital modulation 


schemes under 

maximal 

ratio combining 


Modulation 

schemes 

Average mean SNR (T) in dB 

No. of diversity branches 
(M) •= 4 


Pe=1Cf 2 

Pe =10“ 4 Pe=10~ 6 

00K: coherent 
detect! on 

3.5 

10.35 

15.75 

PSK: coherent 
detecti on 

3.5 

10.35 

15.75 

PSK: N on-coherent 
detecti on 

5.2 

11.7 

17.1 

BPSK 

0.5 

7.3 

12.75 

DPSK 

2.2 

8.7 

14.1 

MSK(h = .5) 

0.5 

7.3 

12.75 

OK-QPSK 

0.5 

7.3 

12.75 

QPSK 

0.6 

7.35 

12.75 

8-PSK 

3.03 

10.13 

15.73 


1 6-PSK 


6.98 


14-38 


19.98 
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maximal ratio combining technique with dual and quadrature 

_2 

diversities. SNRs per bit required to achieve BERs of 10 , 

-4 -6 

10 and 10 have been shown in these tables for the 
systems earlier discussed. 

A comparison of tables 4.2 and 5.7 shows that there 
is a considerable improvement in the performances of various 
systems even with dual diversity as compared to Rayleigh 

fading signals without diversity. The advantage gained 

Of _2 

in terms /_SNR is greater than 7 dB at Pe = 10 and 16 dB 

at Pe = 10" 4 . 

A similar comparison of Tables 4*2 and 5.8 shows a 

tremendous improvement in the performances of various 

systems with quadrature diversity. Here the advantage 

-2 

gained in terms of SHR is greater than 12 dB at Pe=10 
and 24 dB at Pe = 10~ 4 . 

Therefore it is seen that by increasing the number 
of diversity branches, the performance of systems can be 
improved tremendously. But one cannot increase the number 
of diversity branches without increasing the complexity of 
receiver with the constraint of economic viability. 

We have assumed for our calculations that all the 
branch signals are uncorrelated and maximal ratio combining 
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is optimum. However, in practice, it is not possible 
to achieve either uncorrelated branch signals or optimal 
maximal ratio combining. So if we take into account these 
factors, the performance of systems shown in Tables 5.7 
and 5.8 will degrade. It has been shown that performance 
of a system even with dual diversity is better than no 
diversity system even if the cross-correlation coefficient 
of signals on the two branches is of the order of 0.99 L 20 3 

Therefore it can be concluded that diversity is a very 
effective method of combating the effect of fading. 



CHAPTER 6 


CONCLUSIONS 

We have studied the performance of various digital 
modulation techniques under ideal conditions in Chapter 2. 

SNR required to achieve various BERs have been shown in 
Table 2.4. In Chapter 3, communication efficiency as 
measured by data rate per unit bandwidth has been compared 
for various systems, again under ideal conditions. In 
Chapter 4, the effect of Rayleight fading on the performance 
of these techniques has been studied. Table 4.2 shows 
that Rayleigh fading causes severe degradation on the 
performance of various digital modulation techniques. To 
overcome the effect of Rayleigh fading, linear diversity 
combining techniques have been studied in Chapter 5 * 

The performance of a digital modulation technique 
must be adjudged taking into account many factors which 
affect the performance of the scheme. Some of these 
important factors are I SI due to channel and receiving 
filters, co-channel and adjacent channel interferences, 
fading and phase jitter introduced by the channel. Also 
the channel may not be always Gaussian but may be impulsive 
in nature e.g.the telephone channel. Since we have discussed 
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the performance of various digital modulation techniques 
under ideal conditions and subsequently under Rayleigh 
fading, our conclusions are based on these studies only. 
However, after allowing' for various factors mentioned 
above., the relative performance will not change significantly. 
The performance may be obtained by allowing degradition 
caused by the above mentioned factors. 

If one chooses to make minimum probability of error 
as performance criterion, then looking at Table 2.4* the 
obvious choice is CPI’SK(h=0.75) coherent detection scheme 
with 3 or 5 bits observation intervals. Although, theoretical 
this scheme provides the best possible performance under 
ideal conditions, the practical implementation of this 
scheme is a very difficult task. This is due mainly to 
two factors. Firstly, it is impossible to achieve an exact 
phase reference at the receiver for coherent detection of 
the CPFSK waveform. Secondly, the scheme involves a very 

complex instrumentation. Therefore, the advantage gained 

» 

in terms of transmitted power may be lost in terms of 
complexity and cost of the receiver. At high SNR operation, 
the above problem can be overcome by non-coherent detection 
of CPFSK waveform with 5 bits observation interval. This 
scheme outperforms coherent BPSR scheme above 8 dB (approx.) 
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of SNR, Also, this scheme does not require phase reference 
at the receiver and hence is relatively simple to implement. 
QPSK, OK-QPSK and MSK (h=0.5) are other schemes which 
give next best performances. These schemes have an advantage 
in that they exihibit a relatively good data rate per unit 
bandwidth (R/B) performance. 

If one wants to make the data rate per unit bandwidth 
(R/B) as performance criterion, then SSB-SC AM gives the 
best performance followed by coherent M-ary PSK schemes 
(8 and 16 PSK). For both these schemes, to retain the same 
R/B, one must increase the required SNR if probability of 
error is to be decreased. Although SSB-SC AM provides best 
R/B performance, its performance as regards to minimising 
the probability of error is not as good a,s other equivalent 
techniques. Similarly, although coherent M-ary PSK gives a 
very good R/B performance, it is one of the most complex 
systems to implement. As a compromise between performance 
and complexity of the receiver, MSK, QPSK and OK-QPSK are 
systems which give a good R/B performance. Among these, 
OK-QPSK has the advantage of neutralising the effect of ISI 
to a great extent. 

Table 2*4 represents simply a weighted average of 
ideal performance values. Therefore, the relative performance 
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of schemes does not differ markedly from that shown in 
Table 2,4. Table 4.2 shows that there is severe degradation 
in the performance of these schemes under Rayleigh fading 
signals as compared to non-fading signals. The degradation 
is in terms of tens of decibels of additional SNR 
required to maintain the same BER e.g. an additional SNR 
of 25.6 dB at Pe=10 ^ . Our earlier discussions hold good 
here also regarding the selection of a particular scheme for a 
particular purpose. 

To overcome the effect of fading, linear diversity 
combining techniques are utilised. Table 5.7 and 5.8 
portrary the performance of the various digital modulation 
techniques under dual and quadrature diversities respectively. 
It is seen that by increasing the number of diversity 
branches, the performance of a system can be improved 
tramendously . But one cannot increase the number of diversity 
branches without increasing the complexity of the receiver 
and economic viability. The relative performance of the 
schemes remain same as that indicated in Table 2.4. Thus, 
while selecting number of diversity branches, one has to 
make compromise between the performance and the complexity 


of the receiver 



In general, it is difficult to evaluate the cost of 
a particular scheme without conducting a full scale 
investigation of the cost and complexity tradeoffs with 
many alternate implementation options. Nevetheless, 
modulation methods can be ranked according to their inherent 
complexity and results of such ranking are shown in 
Figure 6,1 . 


w 


<t 


BPSK 


QPSK 


OK QPSK 
.MSK 


± k ± 


CPFSK Optimal detection 
r r- M-ary PSK 




COMPLEXITY 


High 


DQPSK 


-DPSK 

..CPFSK Discriminator 

-PSK ITon-coherent detection 
00K Envelope Detection 
Eig. 6.1 Relative Complexity of Representative Modulation Schemes 


In our study, we have not considered the effects . 
due to I SI , phase jitter, cochannel, and adjacent channel 
interferences on the performance of various systems. It may 
be desirable to evaluate the system performance under the 
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influence of above factors. One can also study the effect 
of delay distortion caused by the channel. Due to the 
paucity of time, we have also not studied some of the 
digital techniques such as WFH ( Qquadrature partial response) 
w;AM( * quadrature amplitude modulation) and APK (Amplitude 
phase modulation techniques). These may constitute the 
basis for further study. 
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